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Introduccion al método de los elementos finitos
Introduction to the finite element method

Franck Boyerl, Sébastien Martin2*

Resumen Estas notas presentan los aspectos basicos del método de elemento finito. Se presentan las bases matema-
ticas del método como las del anilisis funcional, la formulacién variacional de problemas de contorno para ecuaciones
en derviadas parciales, asi como el buen planteamiento de los problemas resultantes. Se introducen las aproximaciones
de Galerkin que proporcionan la idea general del método de elemento finito. Se muestran ejemplos de espacios de
elementos finitos y sus propiedades incluyéndose el andlisis de error. La inclusién de aspectos practicos se realiza a
través del anilisis de problemas con enfoque en los aspectos matematicos presentados. El software libre FreeFem++
se emplea en 2D para ilustrar los principales teoremas mostrados, asi como sus limitaciones, en particular tomando
presupuestos que no estan necesariamente oresentes en los teoremas. Se incluyen programas FreeFem++ y ejercicios.

Abstract This note presents the basic aspects of the finite element method. The mathematical foundations such
as the functional framework, the variational formulation of boundary value partial differential equations and the well-
posedness of the problems are presented. Galerkin approximations are introduced, providing the general idea of the
finite element method. Examples of finite element spaces and their related properties are presented, including the
error analysis. Practical aspects are included through the analysis of problems which focus on the mathematical issues
of the course: The free finite element solver FreeFem++ is used in 2D to illustrate the main theorems and their
limitations, in particular by tackling assumptions that are not necessarily met in the theorems. FreeFem++ programs
and exercises are included.
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Introduction

In engineering sciences, finite element solvers are likely
to compute an approximate solution of boundary value
problems. The goal of designing a numerical method is
to ensure the convergence of the method, i.e. to guaran-
tee that the approximate solution is close to the unique
solution of the continuous problem (if hopefully it exists)
defined by the mathematical model. But understanding
the properties of the obtained solution may strongly rely
on mathematical aspects such as

1. the mathematical formulation and the well-posedness
of the continuous problem: existence, uniqueness,
regularity of the solution and stability with re-
spect to the data are required in order to provide
a strong basis for the discretization process;

2. the choice of the discretization process: the subse-
quent approximate finite-dimensional problem has
to be well-posed in order to be numerically solved;

3. the error analysis: the quantitative analysis of the
approximation should guarantee that the solution
to the approximate problem is “close” to the solu-
tion to the initial problem.

The aim of this course is to provide an introduc-
tion to the mathematical analysis of the finite element
method. Practical issues are also addressed.

In section 1 we present the main results in func-
tional analysis, which are the basis of the mathemati-
cal analysis at both continuous and discrete levels. In
section 2 we present the mathematical formulation of

elliptic problems with related results and examples. In
section 3 we present the mathematical formulation of
saddle-point problems with related results and examples.
In section 4 we introduce the so-called Galerkin approx-
imation which defines a class of finite-dimensional prob-
lems associated to the continuous problems. In section 5
we introduce the main approximation spaces and estab-
lish the main approximation properties of these spaces
along with subsequent error estimates of the method. In
section 6 we focus on the finite element approximation
of saddle-point problems such as the Stokes system for
which additional difficulties have to be targetted. In sec-
tion 7 we present some mathematical problems that are
solved with a free finite element solver FreeFem++ whose
formalism respects the variational formulation of prob-
lems. Section 8 is dedicated to the FreeFem++ programs.

1. Sobolev spaces

1.1 Definitions

For any open subset Q of RY, we define 2(Q) (resp.
2'(Q)) to be the set of €~ functions compactly sup-
ported in Q (resp. the set of distributions on Q). For any

function u € L}, (Q), and any multi-index a = (o,...,0) €

N4, we set
Y 0% 0%
U——— - —1U
Q) Oy ™
ox; Ix

in the sense of distributions.

Definition 1.1 (Sobolev space) Let Q be an open sub-
set of RY. For all integer k >0, we define the Sobolev
space H*(Q) as

HYQ) = {u e [}(Q), 0%uc [*(Q), Va e N, |a| <k}.

The space is endowed with the norm

1

2
[Jull e = < Z ||aa”|iz> .

|o <k

Remark 1.2 An equivalent definition consists in defin-
ing, by induction, H*(Q) = L*(Q) and

HN(Q) = {u e HY(Q), Vue (HYQ))).

Definition 1.3 (Domains of R?) A non empty open
subset Q of RY is said to be a C* domain (resp. a Lip-
schitz domain) if its boundary dQ is a submanifold of
RY of class C* (resp. Lipschitz continuous) and if Q is
locally situated only on one side of its boundary.

For such domains, by using local charts, we can de-
fine the outward unit normal field n: 9Q — R¢ as well
as surface integrals [;q f and corresponding Lebesgue
spaces L?(9Q).
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Proposition 1.4 (Density of smooth functions) Let
Q be a Lipschitz bounded domain of R?, then the set

C*(Q) made of smooth functions up to the boundary of
Q is dense in HY(Q) for any k > 0.

The following subspace of H*(Q) will be very important
in the study of boundary-value problems.

Definition 1.5 For any open subset Q in RY we define
HE(Q) as the closure of 2(Q) in HK(Q).

The topological dual of H{(Q) (i.e. the space made of
all continuous linear forms defined on this space) may
be characterized as follows.

Definition 1.6 For all k > 0, we define the following
space of distributions:

H"(Q):{fe@’(g), =Y 0%, with faeLz(Q)}.

lor <k

The space is endowed with the norm

o=

) Ifalliz>

o <k

1AW -+ —inf<

the infimum being taken among all the possible decompo-
sitions of f.

Proposition 1.7 (Dual of Sobolev spaces) The spa-
ce H*¥(Q), k>0, is a Hilbert space which is isomorphic
to the dual space of HE(Q). To be more precise, the du-
ality bracket can be expressed as

Fahrmg = X (D [ fad®

|| <k

for all f € H Q) and for all u € HY(Q). The formula
does mot depend on the choice of decomposition for f.

Note that the topological dual of H*(Q) is not a dis-
tribution space and cannot be characterized so easily.

Remark 1.8 The main application of Proposition 1.7
is the following result: any element f € H-'(Q) can be
written as

f=u+div(G), withuecL*(Q) and (G € L*(Q))“

in the sense of distributions.

1.2 Basic properties

Theorem 1.9 (Chain rule) Let Q be an open subset
of RY. For any function u € H'(Q) and any function
T € CY(R;R) with a bounded derivative, we have

T(u) e H'(Q), VT(u)=T (u)Vu.

Moreover,

T : HY Q)

— HY(Q)
u —

T (u)

is a (non-linear) continuous map.

Actually the chain rule is still valid if T is Lipschitz
continuous and piecewise C!, for instance. In this case,
T’ may be defined in a non univoque way in some points
but the theorem still applies, which implies that the val-
ues of T on these particular points are not important.
Example. If T(x) = x™ = max(x,0), we define 7'(x) =1
if x>0 and 7'(x) =0 if x <0. Then we obtain

V(') =1,0Vu.

But if we define 7/(x) =1 if x>0 and 7'(x) =0 if x <0,
we obtain
V(u') =1,50Vu.

The theorem states that Vu = 0 almost everywhere on
the set {u =0}. O

Let us recall the main results on Sobolev embeddings:
in this part, we focus on H'(Q) even if similar results can
be proved for spaces H¥(Q), k > 1.

Theorem 1.10 (Sobolev embeddings) Let Q be a bounded
Lipschitz domain of RY.
= Ifd =1, the embedding H'(Q) C L™(Q) is contin-

uous.

» Ifd =2, the embedding H'(Q) C LP(Q), for all p €
[2,4-00], is continuous.
= Ifd >3, the embedding H'(Q) C LP" (Q) is contin-
wous, with p* = %.
Theorem 1.11 (Rellich-Kondrachov) Let Q be a bounded
Lipschitz domain of RY.
» Ifd=1, the embedding H'(Q) C C°(Q) is compact
(completely continuous).
» Ifd=2, the embedding H'(Q) C LP(Q), for all p €
[1,4-o0], is compact.
= Ifd >3, the embedding H'(Q) C LP(Q), for all p €

[1,p*[ with p* = %, is compact.

In particular, the embedding H**'(Q) c HX(Q), k>0, is
compact.

Theorem 1.12 (Morrey’s inequality) Let Q be a bounded
Lipschitz domain of RY. If

k—a=d/2
with oo € (0,1), then one has the following embedding:
HY(Q) c C"*(Q).
As a consequence, H¥(Q)  C%(Q) if k > d/2.
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1.3 Trace operator

A Lipschitz continuous function which is defined over
an open subset Q can be naturally extended up to the
boundary of Q. This allows us to define the notion of
trace of such a function on the boundary dQ. In some
way, it is possible to build a similar notion for functions
which lack such a regularity.

Theorem 1.13 (Trace) Let Q be a bounded Lipschitz
domain of RY. The mapping

w o C(Q) —  L[*IQ)
u — ’)/()(M)Zu‘ag

has a unique continuous extension to the whole Sobolev
space H'(Q). This operator, still denoted Y, is called
the trace operator. Besides,

= the trace operator ¥ : H' (Q) — L*(9Q) is not sur-
jective onto L*(9Q);

= the image of H'(Q) by the trace operator is a frac-

tional Sobolev space called H? (0Q) which is a Hilbert
space if it is endowed with the norm

Ivil s

= inf .
ihom) = ety I @

Yo (u)=v

Moreover, there exists a (non unique) continuous lin-
ear operator R : H? (0Q) — H'(Q), called lift operator,
which satisfies

Ry=1d | .
%ok H%(QQ)

Proposition 1.14 (Integration by parts) The trace
operator extends the notion of integration by parts: for

allu e H'(Q), for all ® € (H'(Q))4,

/Qudiv(q))—l—/QVu-CD:/(myo(u)yo(v).

Example. The case of the unit square is quite interesting.
Let us consider Q =]0,1[*> and u € C*(Q). We have, for
all (x,y) €]0,1[%,

y
2 (5,0) = 1(ry) ~2 [ a2 (e, 2) de
Then we get

)7
2(2,0) < P(x3) +2 [ fulx,2)| |, 2)| &

Integrating with respect to x and using the Cauchy-Schwarz

inequality, we get

1
0 uz(x,O)dx fQ”zz"'ZH”HLZ||‘9y”||L2
([ual 7 + 2[[ul| 2| Va2,

2| ual| 2 el

INININ

and finally
lluell 2 go,11x goy) < V2| ull -

The above inequality shows that the mapping ¥ : C*(Q) —
L?(dQ) is continuous for the H'—topology. Its natural
continuous extension to H'(Q) is then straightforward
by density (see Proposition 1.4).

Observe finally that we have in fact shown the more
precise inequality

FE
el 20,11 foy) < Cllull 2 [l 71

which implies that we can estimate the L* norm of the
trace by using only the square root of the norm of the
gradient of u. This is a formal justification of the nota-
tion H2 (0Q) that we adopted for the range of the trace
operator. O

Exercise 1 1. Let Q=(0,1)? be the unit cube in R2.
Prove that, there exists a C >0, such that for any
uc H'(Q), we have

’/Ol(you)(x,O)dx—/Qu2§C/Q|Vu|2.

2. Let a € (0,1) and Qq = (0,)%. Prove that for any
uc H'(Q) we have

1 1 2

a/o (YO“)(xvo)dx_E/au SC/Qa|Vu|27
and

1 1 2

o)) a5 [l <c [ e

3. Let g € L*(9Q) be defined as follows
8(x,0) =g(x,1)=0, vxe(0,1),

8(0,y)=g(l,y)=1, Vye(0,1).
Using the inequalities of question 2, prove that it

does not exist a function u € H'(Q) such that you =
g. We have thus proved that this function g does

not belong to the trace space H%@Q).

In the case of regular domains of R?, the space H} (Q)
can be characterized by the following properties:

Proposition 1.15 Let Q be a bounded Lipschitz domain
of R and u € H'(Q). The following are equivalent:

= u€HNQ);

» it € H'(RY), where ii is the extension of u over RY
satisfying i =0 on R\ Q.
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It is also possible to consider the trace of functions
in H'(Q) when combined with a nonlinear function:

Proposition 1.16 Let Q be a bounded Lipschitz domain
of R and T € C'(R;R) with a bounded derivative. Then

W(Tu) =T (W (u)).

This property still holds if T is Lipschitz continuous
and piecewise C! with a countable number of disconti-
nuity points for 7".

Yue HY(Q),

1.4 Poincaré inequalities
The trace operator allows us to give a clear charac-
terization of Hl(Q).

Proposition 1.17 Let Q be a bounded Lipschitz domain
of RY. We have

Hy (@) = Ker(1).

The space H}(Q) is thus the set of functions in H'(Q)
which are equal to 0 on the boundary in the sense of
traces.

Let us go back to the previous example, dealing with
the unit square, and assume that u is equal to 0 on the
boundary. A similar computation gives

2
o <2z,

hence
l[ull 2 < C[[Vul| 2.

This inequality states that the L>—norm is controlled by
the L>—norm of its derivatives, in the case of functions
that are equal to 0 on the boundary.

Theorem 1.18 (Poincaré-Friedrichs I) Let Q be a
bounded Lipschitz domain of RY. There exists a constant
C >0 such that

Vu € Ho1 (Q), ull2 <C||Vul| 2.

In particular the map u+ ||Vul| 2 is a norm on H{ (Q),
which is equivalent to the classical H!'—norm. Other
similar inequalities are available:

Theorem 1.19 (Poincaré-Friedrichs II) Let Q be a
connected bounded Lipschitz domain of RY. Consider T’

a closed part of dQ with a non-empty relative interior
and define

HE(Q) = {uc H'(Q), 1(u) =0 on T},
There exists a constant C > 0 such that

Vu € HFI(Q)a ull 2 < C[|Vul| 2.

Theorem 1.20 (Poincaré-Wirtinger) Let Q be a con-
nected bounded Lipschitz domain of RY. We define

A'(Q) = {ueyl(g), /Qu_o}.

There exists a constant C > 0 such that

vue H(Q), |ullp < C||Vul .

Actually these theorems follow from the abstract in-
equality:

Theorem 1.21 (Poincaré) Let Q be a bounded open
subset of RY. Let 7 be a Hilbert space, L: H'(Q) — A
be a continuous linear operator. We assume that L is
nonzero over the set of nonzero locally constant func-
tions. Then there exists a constant C > 0 such that

vueH'(Q), ull2 < C(IIVull 2 +[|1L(w)] ).

In particular the map u— |Vu|| ;2 + [|L(w)]| s is a norm
on H'(Q), which is equivalent to the classical H'—norm.

Proof of Theorem 1.21. We proceed by reductio ad
absurdum. Assume that the property is false. This im-
plies that there exists a sequence of functions u, in H' (Q)
satisfying

lunll2 = n([Vun|| 12 + [|L(ua) | 7).

By homogeneity we may assume that |lu,||,2 =1 so that

. (1)

Thus {u,} is bounded in H'(Q) and consequently there
exists some u € H'(Q) such that {u,} weakly converges
to u in H'(Q), up to a subsequence. The embedding
H' C I? is compact (here we use the fact that Q is
bounded) so that the sequence strongly converges in
L*(Q), which implies that ||ul|;> = 1. Then the sequence
{Vun}

= weakly converges to Vu in L?(Q), as {u,} weakly
converges to u in H'(Q),

IVitn]| 2 + ([ L(un) | 7 <

S| =

= strongly converges to 0 in L?(Q), because of (1),

hence Vu = 0. This implies that u is locally constant.
Besides, we have

= L(uy) strongly converges to 0 in .%, because of (1),

= L(u,) weakly converges to L(u) in .7, seel.

1 The result follows from the proposition:

Proposition 1.22 Let 5 and & be Hilbert spaces. Assume that
L: A — F is a continuous linear operator. If {u,} weakly con-
verges to u in J€, then {L(u,)} weakly converges to L(u) in F.

Proof. Assume that u, —u in 2. We fix T € #' and we aim at
proving that T(Lu,) — T(Lu). We have ToL € ¢ and as {u,}
weakly converges to u in S, we get (T oL)(u,) = (T oL)u, i.e.
T(Luy) — T (Lu). |
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and thus L(u) = 0. Since u is locally constant, by as-
sumption on L, we obtain that necessarily u = 0 which
is in contradiction with the property ||u|/;2 = 1. This
concludes the proof. |

1.5 Vector fields in L? with divergence in L>. Defini-
tion of the normal trace
Definition 1.23 (Space Hgy) The space

Hyy(Q) = {u e (L*(Q))?, div(u) € L*(Q)}
endowed with the norm
. 1
[l r1, = (lal|72 + [[div(w)][[72)>
is a Hilbert space.

Theorem 1.24 Let Q be a regular bounded open subset
of RY. The set of vector fields of class (C*(Q))¢ is dense
in Hgiy(L).

The proof of Proposition 1.24 is based upon the Hahn-
Banach theorem that we recall:

Theorem 1.25 (Hahn-Banach) Let E be a Banach
space and F a subspace of E. Then F is dense in E
if, and only if, any continuous linear form on E which
is zero over F 1is the zero form.

Proof of Proposition 1.24. In order to apply the
Hahn-Banach theorem, we consider a continuous linear
form .# on Hgy(Q) which is zero on (C*(Q))¢. Let us
prove that it is zero on the whole space Hgiy (Q).

Since Hgiy(Q) is a Hilbert space, the Riesz represen-
tation theorem guarantees that % is represented by an
element f € Hgiy () by

(F ,u) gy

div

Hy, = /Qf.u—i—/gdiv(f)div(u), Vu € Hay (Q).
By assumption, we have

/f~¢+/div(f)div(¢):0, Vo € (C7(Q))".
Q Q

We denote f (resp. div(f)) the extension of f (resp.
div(f)) by 0 over R we get

/17-¢+/1div(f)div(¢):0, Vo € (Z(RY))".
Re Re

This shows in particular that div(f) € H'(RY) and

V(div(f)) = f.

Since div(f) € H'(Q) and div(f) € H'(R?), then g :=
div(f) € H} (Q) (see Proposition 1.15) and Vg = f. Then
the linear form .% writes

g = [ u-Vg+ [ div(u)g, Yu € Hgiy(Q).
»div Q JQ

As 2(Q) is dense in H} (Q) there exists a sequence {g,} €
2(Q) which converges to g in H}(Q). But for any n, we
have

/Q U-Vgn+ /Q div(u) gn = 0, Vu € Hio (Q),

by definition of the divergence in the sense of distribu-
tions. Thus we can pass to the limit and get

/ u-f+ / div(u)div(f) = 0, Yu € Ha (Q),
Q Q

ie. # =0 as it is expected. |

Let us recall that H? (dQ) is the image of the trace
operator of 1 : H'(Q) — L?(dQ) and that the norm of
this space can be defined by

191,400y =, in6 el

To(u)=9

We define H~? (dQ) as the dual space of H? (0Q) after
identifying L?(dQ) to its own dual space.

Proposition 1.26 (Stokes formula) Let Q be a Lip-
schitz continuous open subset of RY. The mapping

ho (C(Q) = H™2(0Q)
u = Ya(u) = (u-n)jaq

where n denotes the outward normal unit vector at dQ,
has an unique continuous extension on the whole space
Hgiy(Q). Moreover we have, for all u € Hgiy(Q) and for
allwe HY(Q),

/Qu-Vw—i—/delV(u) = <y”“’y°W>H*%,Hz

Remark 1.27 If u € (H'(Q))?, we have in particular
u € Hgiy(Q) and the so-called normal trace 7y, has two
definitions. In fact, they coincide and we have

You - n = Yyu.
In this case, You belongs to H? (Q).

Proof of Proposition 1.26. Let us recall that, by The-
orem 1.13, there exists a continuous linear lift operator

Ry:H? (0Q) — H'(Q) satisfying

Yoo R() = IdH% 09) .

Let us proceed in two steps:
Step 1. For all u € Hy;y(Q) and ¢ € H? (0Q), we define
X, € H %(9Q) as

Xu(0) = [ (Ro(9) div(u) +u- VRo(9)), V6 € H3(9).

JQ
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We have

1Xu (@) < [1Ro(9) | l[ull g, < ClIQI 1

Hz(ag)”u”Hdiv’

using the continuity of Ry. This shows that, u being

fixed, X, is a continuous linear form on H 2 (dQ) which
satisfies
[1Xell

<C e
H 2(89) — ||u||Hle

This inequality shows that the mapping
U € Hyyy > X, € H2(9Q)

is linear and continuous. We denote ¥, (u) := X,, and it
remains to prove that the desired property is satisfied.

Step 2. Let u € (C*(Q))?. If w; and wy are functions
in H'(Q) such that yw; = Yw,, then we obtain by inte-
gration by parts

,/Q((Wl —wy) div(u) +u-V(w; —wy))
:/ Yo(wir —wa)(u-n).
2Q

=0

This shows that, for u € (C*(Q))? for all w € H(Q), by
taking w; =w and wy, = Ro(%(w)), we get

(u-n,pw) =

/ (wdiv(u) +u-Vw)

Q(Ro((VO(W)) div(u) +u-VRo((1(w)))

Xu((w)) = (it ow) 11 -

This holds for any regular function and the proof is con-
cluded by density, using the continuity of ¥,. |

Theorem 1.28 Let Q be a Lipschitz continuous bounded
open subset of R? and let us denote Hp iy () the closure
of (2(Q))¢ in Hgy(Q). Then

HO,div (.Q.) = Ker(}/n).

Proof of Theorem 1.28. It is clear that Ho,div(Q) C
Ker(1,) as (2(Q))? C Ker(y,) by definition of the trace
operator. Let us prove that Ker(,) C Ho giv(Q).

Let u € Hgiy(Q) such that 7, (u) = 0. Since Q is bounded
and Lipschitz continuous, we can prove that there ex-
ists a finite open covering of Q by open subsets @, i €
{1,...,m}, such that @;NQ is a star-shaped subdomain
of R?. We now introduce a C* partition of unity (o),
subordinate to this open covering: there exists a family
{fiti=1,..m such that

w Vie{l,...m}, fi € C*(RY),

w Vie{l,...,m}, supp(f;) C o,

" o <YL fisl
Let ¢ € 2(RY) which we restrict to Q and we apply the
Stokes formula, see Proposition 1.26 :

/Q(j)div(u)—l—/gu-Vq):O.

We replace ¢ by 0;¢ so that we get
/ ;o diV(u)—I—/ u- ((PV(X,’—}-(X,’V(])) =0.
QNaw; QNw;
We may rewrite this equality as
/Rd (Lne, @ div(u) + 1Ligneu - Vi)
+/ (Ligneuo) -V
R4

The above equality holds for any test function ¢, which
means that

0.

Vi = l‘gmwiua,»,

which belongs to (L?(R9))¢, has a divergence in the sense
of distributions, which is identified as

1igne, @ div(u) +1jgngu - Voy

which also belongs to L*(R?). As a consequence, v; €
Hygiy(R?) and its support is in QN @; which is an open
star-shaped subset by assumption. In order to simplify
the notations we assume that the open subset is a star-
shaped domain with respect to 0. We now introduce
the family of functions defined by the homothetic ratio

0 € (0,1) V?(x)zw(g)'
0

The compact support of each function v; is in QN w;.
Moreover it is clear that v? converges to v; in Hgy(RY)
as 0 goes to 1. For a fixed € >0, we may find 6 € (0,1)
such that
[|vi —V?HHdiV(Q) <e.
But since v? has a compact support in QN w;, we may
use a convolution process that allows us to regularize the
function and prevent the support of the function from
spreading out of QN ®;. Thus there exists n > 0 such
that
pr o € (2(@n @),

0 0
Vi = pn * Vi g < €

As a consequence, we obtain
Ivi = P %0, < 26

This process allows us to approximate each v; by func-
tions of (2(Q))? for the Hgy—norm. Using the proper-
ties of oy, we get

m m
u=Y uci =Y vi
i=1 i=1

As the sum is finite, the homothetic mapping combined
with the regularization may be used on each v;, which
allows us to conclude. |
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2. Weak formulation of elliptic problems

Solving a PDE leads to different questions:

= the solution or the coefficients of the PDE may be
not regular enough to guarantee a classical sense
to the equation;

= the solution may be regular but the functional
space may not have suitable properties to guaran-
tee existence and / or uniqueness of the solution
in this space.

Thus we define a weaker notion of solution, even if
we have in mind that it should match the classical notion
when regularity is met. The general method consists in
proceeding this way:

= to find a solution in a functional space which is
weaker than the one that was primarily targetted;

= to determine a mathematical formulation by using
test functions and formal integration by parts;

= to ensure that 1) classical solutions are weak solu-
tions, 2) weak solutions with additional regularity
properties are classical solutions.

The difficulties are the following ones:

= the choice of the functional space is crucial: it is
non trivial and not necessarily unique;

= if the notion of solution is too weakened, the exis-
tence issue is easier but the uniqueness properties
may not hold or be harder to prove;

= if the notion of solution is not weakened enough,
the uniqueness issue is easier but the existence of
the solution may be too hard to prove.

2.1 Lax-Milgram theorem

Many problems in applied mathematics arise out of
a variational formulation. In the case of so-called ellip-
tic partial differential equations, the basic existence and
uniqueness result is based on an abstract theorem, the
Lax-Milgram theorem, which provides a powerful guide-
line in the analysis of these problems.

Theorem 2.1 (Lax-Milgram) Let H be a Hilbert space,
a(-,-) a bilinear form on H, L a linear form on H. We
assume that

1. a(-,-) is continuous:

Vu,v € H, |a(u,v)| < ||alll|ullz[v]z-

2. a(-,-) is coercive:
a(u,u) > oullf.

Ja >0, YueH,

3. L 1s continuous:

VueH, |L(u)| <|[[L|[lu]n-

We consider the abstract problem

@

Problem (P) admits a unique solution. Moreover,

Find u € H such that
a(u,v)=L(v), VveH.

Izl
l[ulla < o
If a is symmetric, then u is the unique minimizer on H

of the functional

1
J(v) = ia(v, v) —L(v).
Proof of Theorem 2.1.
Symmetric case I. Assume that a(-,-) is symmetric.
Let us prove that the variational problem and the mini-
mization problems are equivalent.

= Writing v =u+v —u, we have

Jv) = %(a(u,u)+2a(u,v—u)+a(v—u,v—u))
—L(u)—L(v—u)

= Jw)+ (a(u,v—u)—L(v—u))
—i—Ea(v—u,v—u).

If u is a solution of a(u,-) = L, we have
1
J)—J(u)= Ea(v— u,v—u) > al|v—ul?,

hence J(u) = minyey J(v) and it is the unique solu-
tion of the minimization problem.

= Conversely if u € V is a solution of

J(u) <J(v), Wvev,

then for all # €V and for all ¢+ € R, we have J(u+
th) > J(u), i. e.

t(a(u,h) — L(h)) + ga(h,h) >0, Vi €R.

Necessarily we get a(u,h) =L(h), for all h €V i. e.
a(u,") =L.

Symmetric case II. The well-posedness of the varia-
tional problem can be proved with two methods:

s By assumption, a(-,-) is a scalar product on H
which is equivalent to the usual scalar product on
H. Then, (H,a(-,-)) is the same topological space
as (H,(-,-)n) and the linear form L is continuous
on this new Hilbert space. The result follows from
the Riesz representation theorem.
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= We directly study the minimization problem by
considering a minimizing sequence and proving that
it is a Cauchy sequence by using the parallelogram
law.

General case. The well-posedness of the variational
problem can be proved as follows. For all u € H, the
form v € H — a(u,v) is continuous so that there exists a
unique Au € H such that

a(u,v) = (Au,v)y, YvE€H,

as a consequence of the Riesz representation theorem. It
is clear that

= A is linear;

= A is continuous: if one takes v = Au in the continu-
ity assumption of a we find

2
|Aul| = au,Au) < ||a||lullnl|Aul|H,
so that

[Aullar < [|all[[ulla,  VueH,

= A is injective: indeed, by using the coercivity prop-
erty of a, we find that

(Au,u)y = a(u,u) > allully, VueH,

and thus

Aul|lg > a|lul|n, YuecH.

In particular, we have Au =0=u=0.

By the Riesz representation theorem, L can be repre-
sented by an element ¢ € H and we finally have to prove
that there exists u € H such that Au=/¢. Let p >0 and

T : H — H
u — Tu=u—p(Au—1).

Our problem reduces to the proof of existence of a fixed-
point for T. In a Hilbert space, this can be achieved by
showing that T is a contraction.
1T~ Tl e = vI[7 + Pl A — Av|7;
—2p(u—v,A(u—v))n
HM—V|\§+PZIIaIIZI\M—VH?§
Z—ZgaHu—szH
< (I=2pa+p=a])[lu—vlz.

IN

For p sufficiently small, T is a contraction, which con-
cludes the proof. ]

Remark 2.2 The Laz-Milgram theorem provides suffi-
cient conditions to find a unique solution of an abstract
problem. These conditions are not necessary! For in-
stance in finite dimension, i.e. H = R", the continuity
assumptions are obvious and the coercivity assumption is
expressed as a condition over the matrix that represents
the operator. Indeed denoting {ei}i=1,. n the canonical
basis of R", X = (xi)i=1,..n the coordinates of u € R" (i.e.
u=y"r xe;), we denote A= (a(ej,e;))ij so that we have
a(u,u) = (AX,X)grn where (-,-)grn 1s the usual scalar prod-
uct on R". Then, by assumption of coercivity

(AX, X )z
a(u,u)
afjullfn = el X%

((AX,X) + (X,A'X)) s

N =

AVAN|

Thus coercivity of a(-,-) means that A+ A" is s.p.d. The
theorem then becomes: if A+A' is s.p.d. then A is in-
vertible. This is clearly a sufficient condition but not a
necessary one.

In the problems that will be considered, H is the
functional space (L?, H', HOI, etc.), u denotes the (weak)
solution of the problem and functions v serve as test
functions. Besides,

= the Lax-Milgram theorem requires some constraints:
in particular, the test functions and the solution
should belong to the same functional space. This
is the reason why the derivation of the weak formu-
lation relies on an equilibrium between the deriva-
tives of the solution and the derivatives of the test
functions.

= The regularity of the functions in H cannot be com-
pletely independent from the bilinear form a. If
the functions in H are too regular, the coercivity
property will not be obtained; conversely if the
functions in H are not sufficiently regular, the con-
tinuity of a will not be obtained.

— Consider a(u,v) = [qu(—Av). Then Av has
to be defined, which leads us to define H =
H?*(Q)NH(Q). The bilinear form is continu-
ous, since

el 2| AV 2
[all 2 1v1] 2
leallz [Vl r-

|a(u,v)]

VARVANIVAN

Unfortunately the coercivity is missing: if u €
H we have

Jou(—Au)
Joudiv(—Vu)
Joqu(=Vu)-n+ fo|Vul®
= fQ|V”|2-

a(u,u) =
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Clearly there is no a > 0 such that
IVull7> = alullz

since it would imply that H?*(Q)NH}(Q) =
H}(Q).

— Consider a(u,v) = [oVuVv and H = H'(Q).
The continuity of the bilinear form is guar-
anteed but the coercivity is missing because
a(u,u) = 0 implies that u is a constant func-
tion. Then u =1 is a counter example for the
existence of a coercivity constant.

2.2 Example 1: Poisson problem

Homogeneous Dirichlet boundary conditions. As-
sume that f € L?(Q). We consider the following PDE
problem:

—Au

@) { ™

Consider a regular test function and let us deal with
formal computations. Multiplying by v, integrating over
Q and integrating by parts, we get

/QVu-Vv—/an(Vu-n)z/va.

Now let us discuss this equality:

f in Q,
0 on dQ.

= Integrals over Q only deal with derivatives of order
1 at most. Thus looking for the continuity and
coercivity of the bilinear form leads us to consider
(a subspace of) H'(Q).

= No boundary condition on Vu-n is prescribed. But
we target the definition of a functional space that
contains the solution u and the test functions v. As
the solution should be zero on the boundary, we
may impose this condition on the test functions as
well, hence killing the boundary term. The result-
ing functional space is therefore H} (Q).

The weak problem (or variational problem) associated
to the strong problem (P§1>) is

Find u € H} (Q) such that

(Pﬁvl)) /Vu-VVZ/fv,
Jo Q
for all v e HL(Q).

Exercise 2 Prove that the variational problem (P&U)
admits a unique solution.

Exercise 3 Let f € LP(Q), p € [1,+o0]. Which values of
p can be considered in order to apply the same method
as above?

The variational problem admits a unique solution u.
What are the regularity properties of the weak solution?
What is the link with the initial problem?

Note that Vu € (L*(Q))? and 2(Q) C H so that we
can choose v € 2(Q) as a test function:

/gvu-w:/gm Vo € 2(Q).

By definition, the divergence of Vu is equal to —f in the
sense of distributions. Then u is a solution of —Au = f
in the sense of distributions. Actually it is possible to
prove the following regularity result:

Theorem 2.3 (Elliptic regularity) Assume that Q is
a C? bounded domain of R?. Let f € L*(Q) and u € H}(Q)
the unique variational solution of the Poisson problem

with homogeneous Dirichlet conditions (PSVI)). We have
= ucH? (Q),
v Jullg2 < C|fll2, where C is a constant which only

depends on Q.

The proof of this theorem is technical and voluntar-
ily omitted. Interestingly all the second order partial
derivatives of u are functions in L?. But the theorem
contains an important regularity assumption on the do-
main. This condition can be weakened (for instance, if Q
is convex and polygonal the result is still valid) but some
counter-examples do exist otherwise: typically if Q has
a re-entrant corner, one may find variational solutions
in H} (Q)\ H?(Q).

Example. Consider the domain defined in polar coor-
dinates by Q = {(r,0),r <1,0< 0 < a}, as in Fig. 1.
The function i : (r,0) — re sin(%’) is harmonic. Thus i

|
|
|
:
|

Figure 1. The domain Q

—Ai = 0 inQ,
i = g ondQ.
where g is a continuous function on dQ satisfying:

g(r,a) = ¢g(r,0) =0,
Define y € C*(R?) such that

satisfies

0<r<i1.
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m xe(rn0)=1for0<r< %,
s x:(r,0)=0 for %—l—egr.
and define u := ). Thus u satisfies

{—Au = fe inQ,

u = 0 ondQ.
with

s foi=—Ad € L2(Q),

= supp(fe) CQN{(r,6), 3 <r<ji+e}.

Moreover, u =ii on QN{(r,0),0 < r < 1}. In particular,
because of the behaviour of u (or &) near the corner, we
can prove that u € H'(Q)\ H*(Q) for o > 7. O

Non-homogeneous Dirichlet boundary conditions.

Assume that f € L*(Q) and g € H%(HQ). We consider
the following PDE problem:

(P(z)) —Au = f inQ,
s u = g ondQ.
The choice of the functional space for g relies on the

fact that the functional space for the variational formu-
lation is likely to be H'(Q), according to the previous

example. The trace of the solution should be in H 2 (0Q).
Dealing with less regular boundary data would lead us
outside the Lax-Milgram framework.

By Theorem 1.13, there exists Rog € H' (Q) such that
10 (Rog) = g. We define &i = u — Ryg so that the problem

(PE,Z)) is equivalent to the following one

(sz/)){ —A’z = f+A(Rog)

i = 0
As Rog € H'(Q), we have V(Rog) € (L*(Q))? and A(Rog) =
div(V(Rog)) € H~'(Q) by Proposition 1.7. Thus the vari-

ational formulation of (P§2,>) reduces to

in Q,
on dQ.

Find 7 € H} (Q) such that

(Pﬁf)) /QVI;.Vﬁz/Qfﬁ-l—<A(ROg)a‘7>H*17H(}’
for all ¥ € H}(Q).

This variational formulation falls into the scope of the
Lax-Milgram theorem, hence i is uniquely defined. Let
us remark that the duality term can be expressed as:

(A(R0g), %) 1 41 = — /Q V(Rog) - V7.

Remark 2.4 Considering Hg1 (Q) :={uc H(Q), you =
g}, the function u =i+ Rog is the unique solution of

Find u € Hy (Q) such that

(PSVM) / Vu-Vv= / v,
Q Q
for all v € H}(Q).

The Laz-Milgram cannot directly be applied to this for-
mulation: H; (Q) is not a vector space, let alone a Hilbert
space! Nevertheless this formulation does not require the
introduction of the lift of the boundary term, whose com-
putation would be difficult in practice; moreover this for-
mulation is used in practical computations.

Exercise 4 Prove that the solution u of the problem

(Psv2 ) ) is also the unique solution of the minimisation
problem

inf J(v),
vEHé} ()

J(v)z%/Q|Vv|2—/va.

Remark 2.5 The elliptic reqularity properties proved in
Theorem 2.3 can be extended to the Poisson problem with
non-homogeneous Dirichlet boundary conditions if we as-
sume furthermore that g € H 3 (Q) which is, by definition,
the image of H*>(Q) by the trace operator.

J(u) =

with

Remark 2.6 We consider the Poisson problem defined
on a unit square Q =)0,1[> with a source term f =0. We
consider Dirichlet boundary conditions: for this purpose,
we denote

I':=]0,1[x{0}
and consider the problem
—Au = f inQ,
u = 0 onT,
u = 1 ondQ\TI.
The boundary term
|0 ifxel,
g(x)_{ 1 ifxedQ\I.

does not belong to H%(8Q) (see Ezercise 1). As a con-
sequence, we cannot use the lift operator to define a
variational formulation in H'(Q). In fact the solution
of this problem can not belong to H'(Q) (by definition

of H%(QO)). Interestingly, when using the finite ele-
ment method, the discretization of this problem leads to
a well-posed problem. But when considering the solution
up, then ||up||y1 explodes as h goes to 0, illustrating the
ill-posedness of the (continuous) variational problem in
H'(Q). See also the Problem given in Section 7.8.

Non-homogeneous Neumann boundary conditions.

Assume that Q is connected, f € L*(Q) and g € H 2 (0Q).
We consider the following PDE problem:

3) —Au = f inQ,
(Ps ){ Vu-n = g ondQ.

The choice of the functional space for g is quite natu-
ral: the functional space for the variational formulation
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is likely to be (a subspace of) H'(Q), according to the
previous examples, so that Vu € (L*(Q))?. As we ask for
div(Vu) = Au = — f € L*(Q), if a solution exists, we will
necessarily get Vu € Hgiy, which allows us to give a weak
sense to the normal trace at the boundary of Vu-n in
the space H? (0Q).

In this problem, compatibility conditions emerge:

= If the problem admits a solution, then integrating
over Q we obtain (the data are assumed to be reg-
ular):

/Qf:/g(_Au) B —/BQan: ~ e

Existence of a solution requires a necessary condi-
1
tion. If g € H 2(dQ), the compatibility condition

writes
|r==tn,

= The solution cannot be unique: we may add any
constant to a solution, thus defining another solu-
tion. An additional condition is required in order
to select a unique solution. A natural way, since Q
is assumed to be connected, consists in fixing the
constant by imposing

/uzO.
Q

In the general approach we choose a regular test func-
tion v and proceed as before. The boundary value of the
solution is not prescribed so that no condition is imposed
on the test functions v. By contrast we impose that u
has zero mean value so that the same condition should
be imposed to the test functions. We finally obtain the
variational formulation

=
Nl

H

Find u € H'(Q) such that
/Vu~Vv:/fv+<g,v> _
Q Q

(3)
(Pi”) f -
for all ve HY(Q).

3

Exercise 5 Prove that the variational problem admits
a unique solution.

The variational problem admits a unique solution.
It is possible to get a formulation with test functions in
H'(Q) instead of H'(Q). Indeed, for any v € H'(Q), we
consider 7 = v —m(v) where m(v) = |Q| " [yv. Then we

get
Vu-Vi= v vV .
/Q u-vVy /ngv—i-(g,v)Hf%’H%
Using Vv = V7,
Vu-Vv = /fv—m(v)( )
Q Ja

Using the compatibilty condition we get

/QVI/['VV:/QfV—I—<g,V>H7%’H%. (2)

Taking test functions ¢ € Z(Q), the influence of the
boundary terms is dropped and we obtain, as in the case
of Dirichlet boundary conditions, —Au = f in the sense
of distributions. Since Vu € (L2(Q))? and f € L*(Q), the
equation states that Vu € Hg;y,, hence the normal trace
Vu-n is defined in H=2(99Q) and by the Stokes formula,
see Proposition 1.26,

/Vu-Vv—i—/div(Vu)v=<Vu-n,v) _
Q Q H

3)

1.
H2

Bl

By comparison between (2) and (3), as f = —Au, we
obtain

Vu-n=g, on dQ

in a weak sense.

Exercise 6 We consider the Poisson problem with non-
homogeneous Fourier (or Robin) boundary conditions:

—Au = f
Vu-n+ou = g

with o > 0.

n Q,
on 09,

= Define the variational formulation.

s [s the problem well-posed?

Let us present and briefly discuss more sophisticated
models.

2.3 Example 2: General linear elliptic operators

Let x — # (x) € R?? be a bounded measurable map-
ping. We assume that . is symmetric positive definite
and uniformly coercive:

Jo >0, (H(x)E,E) > alé|?, VEERY, for ac. xeQ.
We consider the problem

(P(4)) —div(#Vu) = f inQ,
s u = g onadQ,

with g € H? (dQ). The associated variational problem is

Find u € H; (Q) such that

/(%/Vu)-Vv):/fv,
Q Ja
for all v e H}(Q).

(P)

The adaptation to the non-homogeneous case is straight-
forward. In the Neumann case, the difficulty only relies
on the understanding of the boundary condition which
should be read as

(A Vu)-n=g.
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Figure 2. The nonlinear function T

Let us conclude this subsection with an important
property of elliptic problems: the weak maximum prin-
ciple.

Theorem 2.7 (Weak maximum principle) Letx+—
K (x) € R pe a bounded measurable mapping. We
assume that & is symmetric positive definite and uni-
Let f € [2(Q) and g € H2(0Q). Let
u€ H'(Q) the unique solution of (ng})).

If f and g are non-negative a.e., then u is non-negative
a.e.

formly coercive.

Proof of Theorem 2.7. Let T € C'(R;R) be a non-
decreasing function, with bounded derivative, such that
T(s) =0 if and only if s > 0, see Figure 2.

Asu € H'(Q), by Theorem 1.9 we deduce that T (u) €
H'(Q) and 1T (u) = T(yu) = T(g) almost every where.
Since g > 0 and by construction of T, we have that
T(g) =0 and thus T (u) € H} (Q). We can therefore take
T(u) as a test function in the variational formulation of

the problem:
)= fy/ T

T'(4)Vu and, then

/%VMV

We have VT (u) =
/ T' () (H Vi, Vie) = / f Tw).
JO N~ ———— O~~~

>0 >0 >0 <0

Then each integral is equal to 0 and the integrands van-
ish almost everywhere. By the coercivity assumption on
K, it follows that

T'(u)|Vul> =0, almost everywhere,
and thus

T'(u)Vu =0, almost everywhere.

By Theorem 1.9, this proves that V(T (u)) =0 and since
T(u) € HY(Q), we eventually obtain that T(u) =0. By

construction of T, this proves that u is non-negative a.e.
on Q. |

The weak maximum principle may admit equivalent
versions in the discrete framework: in particular the
weak maximum principle holds in the case of a P! finite
element approximation, see Proposition 5.12 whereas it
is not valid in the P? approximation.

2.4 Example 3: Reaction-diffusion.
We consider the problem

—Au+nu = f
Vu-n = g

in Q,
on 0Q,

with n > 0. The condition 17 > 0 is important because
there exists 1 < 0 and source terms f for which no so-
lution exists (this is related to the existence of positive
eigenvalues of the operator —A). When dealing with
Dirichlet boundary conditions, there is no difficulty and
the variational formulation can be derived in straightfor-
ward way. In the case of Neumann boundary conditions,
it is different: integrating over Q,

Lo L

so that there is no requirement such as the compatibility
condition on the data. Moreover, the mean value of
u is prescribed and cannot be fixed. The variational
formulation is

Find u € H ) such that
/Vu Vv—l—n/MV—/fv
for allvEH

Exercise 7 Prove that the above wvartational problem
admits a unique solution.

2.5 Example 4: Convection-diffusion.
Let f € L*(Q) and b € (C'(Q))4. We consider the
problem

—Au+b-Vu = f in Q,
u = 0 ondQ,

The order of derivative for the convection term b-Vu is
lower than the one of the diffusion term. Thus the func-
tional space is H}(Q) and the variational formulation
writes

Find u € H} (Q) such that
Vu- Vv+/(b Vu v—/fv
Q Q
for all v € H} (Q).
The bilinear form considered here is not symmetric and
this is unavoidable due to the advection term. The conti-

nuity of a(-,-) is obvious but its coercivity is questionable
since

a(u,u) = |\vu||§2+/g(b-vu)u
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has not necessarily the good sign. More precisely, the
second term should be controlled by the first one to en-
sure the coercivity. For this there are two possible ways
to proceed:

= Method 1:

./Q(b-Vu)u

IN

[16]ee [V 2 || 2
Cal|bl|es[| Va7

A

where Cq denotes the Poincaré-Friedrichs constant.
Thus if Col|b|| < 1, the bilinear form is coercive.

= Method 2, based upon an integration by parts:

—/Q(b-Vu)u

Thus if ||(div(b))"||=C3 < 2 the bilinear form is
coercive. Most important cases deal with div(b) <
0 in which case the condition is obviously satisfied.

div(b)
Q
31l (div(b)

| S,

IN

~—

Hl=CalIVullZ.-

If one of the above smallness assumptions on ||b||z~ or
[|div(h) " ||~ is satisfied, then the variational problem is
well-posed.

2.6 Example 5: Linear elasticity.

We consider the PDE which describes the displace-
ment of an elastic solid when submitted to a force field.
The domain Q C R? represents the solid at rest. The
vector field u : @ — R? represents the displacement of a
material point under the effect of the force field. Thus a
material point at position x at rest is displaced at posi-
tion x+u(x). We now introduce the Jacobian matrix Vu
and the strain tensor D(u) = §(Vu+(Vu)"). The Cauchy
stress tensor o in the solid is ruled by a law which takes
the form

6 = ATe(D(u))1d + 21 D(u) = A div(u) 1d + 2 D(u),

where A and p are the so-called Lamé coefficients which
quantify the elastic behaviour of the solid. The equilib-
rium of the solid under the load imposed by an external
force f reads

—div(o) = f,
i.e.

—2p div(D(u)) — AV(div(u)) = f.

The physical boundary conditions that are classically
used lead us to consider homogeneous Dirichlet condi-
tions u =0 on a part I'p of the domain models the
clamping of the solid whereas an homogeneous Neuman
condition o-n=0 on I'y = dQ\['p models a no-stress
situation on the other part of the boundary. The natural
framework is

Hp = {ue (H'(Q)), %(u) =0 on I'p}

and the variational problem is defined as

Find u € Hp such that

/QZ[J]D)(M) :D(v) —i—/gl div(u) div(v) = ./Qf-v,

for all v € Hp.

This formulation is well-posed: existence and uniqueness
of the solution can be proved by using the Korn inequal-
ity to prove the coercivity:

Proposition 2.8 (Korn inequality) Let Q be a Lip-
schitz connected bounded domain of R? and assume that
|I'p| > 0. The general case, is more intricate.

There exists a constant C > 0 such that

Vu € Hp, ||Vull2 <C|[D(u)| 2.

Proof of Proposition 2.8. Let us prove the inequality
in the case I'p = 9Q, i.e. Hp = H}(Q). We have

/Q |D(u)|2:/QID)(u):Vu: %/QW”P-F%/Q(VMYIVM.

The result is proved if the last term is non-negative. We

write
Vu)':Vu= / diu;dju;
/( ) . ; 1AL A

then we integrate by parts using the boundary condi-
tions

Jo(Vi)':Vu = — [o ¥ ;05uju;
= —JoV(div(u))-u
= Jo(div(u))* > 0.

The Korn inequality provides the coercivity of the
bilinear form in the variational formulation of the elas-
ticity problem.

3. Weak formulation of saddle-point
problems

We aim at targetting mathematical problems that do
not fall into the scope of the Lax-Milgram theorem. The
main result will provide necessary and sufficient condi-
tions for the solvability of a class of variational problems.

Let us recall the Banach theorem:

Theorem 3.1 (Banach) LetE and F be Banach spaces
and T : E — F a continuous linear operator. If T is bi-
jective, then T™! is continuous.

The proof of the theorem is a consequence of the
theorem of the open mapping, which follows from Baire’s
lemma. It admits a corollary:
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Corollary 3.2 (Banach closed range theorem) Let
E and F be Banach spaces and T : E — F a continuous
linear operator. The following are equivalent:

1. There exists a > 0 such that

VxeE, |ixlle<alT()|F.

2. T is injective and its image is closed.

Proof of Corollary 3.2. Assume that T is injective
and its image is closed. By assumption, T(E) is closed,
so that T(E) is a Banach space and T is a bijective con-
tinuous linear operator from E onto T(E): it is an isomor-
phism. Thus there exists @ > 0 such that ||T~!(y)||g <
o|yl|lr, for all y e T(E), i. e. |x||g < | T(x)||F, for all
x € E. Conversely, assume that there exists a > 0 such
that

Vxek, |xle <afT()|F (4)

From this inequality T is obviously injective. Let us
prove that T(E) is closed. Let (T(xn))” be a sequence in
T (E) which converges to some y € F; (T (x,)), is a Cauchy
sequencein F . Inequality (4) and the linearity of T imply
that (x,), is a Cauchy sequence in E which is complete.
Hence (x,), converges to some x € E. By continuity of
T, we have y =T (x) and in particular y € T(E). Thus
T(E) is closed. ]

3.1 Banach-Netas-Babuska theorem

In some situations that we will illustrate later, it is
necessary to deal with variational formulations for which
the unknown u and the test function v do not belong to
the same space. In this case, the Lax-Milgram theorem
is inoperant. Moreover, even if u and v belong to the
same space, the Lax-Milgram theorem only deals with
coercive bilinear forms and do not say anything on the
non-coercive case.

The following result is a generalisation of the Lax-
Milgram theorem that gives necessary and suffisant well-
posedness conditions in such cases.

Theorem 3.3 (Banach-Necas-Babuska) Let V and
W be Hilbert spaces and a(-,) a bilinear continuous form
on 'V xW. Then the following properties are equivalent:

= For any continuous linear form L on W, there ex-
ists a unique u € V such that

a(u,w)=L(w), VYweWw.

s The following conditions are satisfied:

inf (sup a(vw)

Ja >0, 7) =2
veV \yew [[V[lv]Iwllw

—~

5)

(w ev, alv,w) = o) = w=0. (6)

If one of the properties is satisfied, the unique solution
u satisfies
[[L]lw

[Jully < Ta
Proof of Theorem 3.3. Since a(-,-) is linear and con-
tinuous with respect to the variable w, the Riesz rep-
resentation theorem gives the existence of an operator
A:V — W' such that

<Av,w>w, w=awvw), YweWw.
As d(-,-) is a continuous bilinear form, A is itself linear
and continuous and its norm is controlled by ||d||. Let

us prove the equivalence.

= Assume that for any continuous linear form L on
W, there exists a unique u € V such that

a(u,w) =L(w), YweW.

i.e. with the notation above

VLeW', ueV, Au=L.

Then A is bijective. By Banach’s theorem (see
Theorem 3.1), A~! is a continuous operator. Thus
there exists a~! > 0 such that for all L € W’ the

unique u € V such that a(u,-) = L satisfies
-1
[lullv < o [[L[|w-

Let us consider v € V. We note L(w) = a(v,w) so
that v is the unique solution of d(v,-) = L. Hence

Usup a(v,w)'
wew ||WHW

vy <o

This inequality holds for any v € V and therefore
Eq. (5) holds.

Assume now that, for some w € W, we have a(v,w) =
0 for all v € V. We introduce the continuous linear
form L on W defined as L(w') = (w,w')w. Applying
the assumption to v=A"'L, we get

0= d(AﬂilL,W) = <AA71L7W>W/‘W = L(W) = ||WH{21V?

hence w = 0. This proves Eq. (6).

= Conversely, assume that Egs. (5) and (6) hold.

Let us show that Eq. (6) implies that Im(A) is
dense in W’. This is a consequence of the Hahn-
Banach theorem, see Theorem 1.25, which pro-
vides a characterization of the density of a sub-
space of a Banach space: let us consider a contin-
uous linear form ¢ € (W)’ which is zero on Im(A).
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As W is a Hilbert space, it is reflexive and ¢ is rep-

resented by an element w € W as ¢ (L) = (L,w)y» -

The assumption implies that, for all v € V, we have
0=¢(Av) = <Av,w>w, w =a(v,w)=0.

By Eq. (6), we obtain w =0 and thus ¢ = 0 which

shows that Im(A) is dense in W’. Now let us deal

with Eq. (5), which can be written as

lAv|w > a|v|lv, Yvev,

which implies in particular, see Corollary 3.2, that
A is injective and that Im(A) is closed. So far the
following properties have been proved: 1) Im(A) is
dense in W’ and 2) Im(A) is closed. Thus Im(A) =
W’': A is surjective. As a consequence, since A
is also injective, the variational problem is well-

posed.

Remark 3.4 Assume that V=W and that a(-,-) is o-

coercive. We first note that, for any vevV,
avyw) _ c(vv)

su
D v

wev [wlly

>

> alfvv,

so that (5) holds. Similarly we have
aw,w) _ a(w,w)

Iwllv

sup

>
vev [Vl

> allwllv,

so that (6) holds.
Therefore, the previous theorem is indeed a general-
ization of the Lax-Milgram theorem.

Remark 3.5 In the case of the finite dimensional frame-
work, i.e. V=R" W=RP and a(v,w) = (Av,w) with A €
Mpxn(R), Theorem 3.3 can be read as follows. Egq. (5)
should be read as

WeR",  [Av]| > alvl,

which means that A is injective. Eq. (6) states that A' is
injective, i.e. A is surjective. Clearly the two conditions
are equivalent to the solvability of the linear system.

3.2 Saddle-point problems

Let X and M be Hilbert spaces, a(-,-) a continuous
bilinear form on X x X, b a continuous linear form on
X xM. For all L€ X', for all G € M, we aim at solving
the variational problem

Find (u,p) € X x M such that
a(u,v)+b(v,p) = L(v),
b(u,q) = Glg),
for all (v,q) € X x M.

Q)

The second equation is often referred as the constraint
and the unknown scalar field p is the Lagrange multiplier
associated to the constraint. This comes from the fact
that in the symmetric case the variational problem is
equivalent to the Euler-Lagrange problem which consists
in minimizing the functional

1

= —L
2a(v, v) —L(v)
on the constrained space

Z={veX, blvq) =G(q), Vg M}.

We can also see the solution of this problem as a
saddle-point (u,p) of the functional L defined by

1
L(v.q) = 3a(v,¥) +b(v,p) ~L() = Glg),
which is called the Lagrangian of the problem.

Remark 3.6 The variational formulation can be writ-
ten in terms of operators. Defining A: X — X' as

(Au,v)y x =a(u,v), WweX
and B:X — M as
(Bv,p)py = b(v,p), VpeM

the formulation is equivalent to

Find (u,p) € X x M such that
Au+B'p = L,
Bu = G,

where B': M — X' is the adjoint operator of B, the bidual
of M being identified to M itself.

Remark 3.7 The variational problem can take the gen-
eral form:

Find (u,p) € X x M such that
a(u,v) +b(v,p) —b(u,q) = L(v) - G(q),
for all (v,q) €X X M.

DefiningV =X xM and a((u,p), (v,q)) =a(u,v)+b(v,p)—
b(u,q), the well-posedness of the variational problem de-
pends on conditions satisfied by d, see Banach-Necas-
Babuska theorem (i.e. Theorem 3.3). Note also that
a((u,p),(u,p)) =a(u,u) so that @ has no chance to be co-
ercive on X X M as this term does not include any control
on the Lagrange multiplier p.

Theorem 3.8 (Saddle-point problem) Ifa(:,-) is co-
ercive on X, the problem (Q) is well-posed if and only if
the so-called inf-sup condition is satisfied:

b
3B >0, inf (sup(vim)> > B.
peM \vex [VIxIlplla

(7)
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Proof of Theorem 3.8. Assume that the problem is
well-posed. By the Banach-Necas-Babuska theorem, see
Theorem 3.3, this implies that the solution (u, p) contin-
uously depends on the data L and G. Thus there exists
a constant a~! > 0 such that

leellx + Nl pllar < @~ (IL]Lxr + [ Gllaw)-

Let p € M and let us consider L =0 and G defined by
G(q) = (p,q)m (note that |G|y = ||Pllm). In particular
we obtain that there exists u € X such that

b(u,q) = (p,q)m, VqeEM,
and
l[ullx < Cl|p]nm-
Then
- - - b, p) -
1513 = (B, p)m = b(u,p) < o' 1511n
[Juel [ x
which yields
. b(v, p
|l < sup 2P,
vex |lix

The last inequality is exactly the inf-sup condition given
by Eq. (7).

Conversely, assume that the inf-sup condition is sat-
isfied and let us prove that the bilinear form a satisfies
the conditions given by Egs. (5) and (6) in order to apply
Banach-Nec¢as-Babuska Theorem (see Theorem 3.3).

= Let us prove that Eq. (6) is satisfied. Assume that
(v,q) € X x M is such that

d((“ap)a (Vvqn =0,

We aim at proving that (v,q) = (0,0). We take
(u,p) = (v,q) in the above equality which gives:
a(v,v) = 0 hence v =0 because a is coercive on X.
Thus the previous equality is reduced to b(u,q) =0
for allu € X. The inf-sup condition given by Eq. (7)
implies that ¢ =0.

V(u,p) € X X M.

s Let us prove that Eq. (5) is satisfied. Let (u,p) €
X x M. By the inf-sup condition , we have

b(v,p
Bl < sup 202).
5P Tolx

There exists it € X such that

b(i, p)
lld]] x

= Bllpll-

We can choose the norm of i and take for instance

llallx =[Pl

We now define (v,q) = (u+ ¥ii, p) and compute the
term a((u, p), (44))
a((u, p), (v,q))
= a(u,u) +ya(u, i) + yb(ii, p)
> otullg — Ylallflulxllzllx + vBllall%
> & ully ~ Tl + vB

where we have used the Young’s inequality for the
last step?. Then choosing y < % we obtain

%IIuII%ﬁ%HﬁII%
$lully + Zp I
811(u, p) |3 s

a((u,p),(v,q))

VIV IV

where 8 only depends on 7, 8, @ and ||a||. More-
over we have

(v, lxxae = |IVlIx +llgllm
< lullx +vyllallx + lpllm
< ullx +@+plplm
and thus

[ @)xxm < (TP, p) x50
We finally obtain

a((u,p),(v,q))
0.~ 117

which proves that Eq. (5) is satisfied.

[l (, )| x xm

Remark 3.10 An alternate proof of Theorem 8.3 is based
on a so-called artificial compressibility method. Assume
that a(-,-) is coercive and that the inf-sup condition is
satisfied. We introduce the approzimate problem:

Find (ue,pe) € X x M such that

a(ue, v)x +b(v, pe) — blue,q) + €(pe,q)u = L(v) = G(q),
for all (v,q) €X X M.

The bilinear form de which defines this problem is obvi-
ously continuous and satisfies:

ag((v,p),(v,p)) =a(v,v) +&(p,p)u, Ve X,Vp M,

2The Young’s inequality reads:

Proposition 3.9 (Young’s inequality) For alla>0, b >0,

b< a n eb?
a 4=
T 2 2
for any € > 0.
As a consequence:
Y lal®

_ AL
Halllullxlallx < —-=lallx + 7 llullx,

by identifying a := y|\a||||i||x, b := |jullx and € = a.
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so that it is coercive. By the Lax-Milgram theorem the
approximate problem admits a unique solution (ue,pe).
Note that the problem can be defined by means of opera-
tors as

Find ug € X and pe € M such that
Aug +B/pg = l47
Bl/lg —E&Epe = G,

We use first the inf-sup condition (7), then the first equa-
tion of the system, and finally the continuity of a and L,
to get

b
Ipellu < §sup,ex ,ﬁt(,fj) .
1 —a(ug,v)+L(v
= pSUPex 7”%\\;(
L
< Bljuefx+ e

This gives us an estimate of pe in terms of ug. We now
take v=ue and g = pe in the approzimate problem:

a(ue,ue) + €| pelliy = L(ue) — G(pe).

Using the coercivity of a(-,-), we have

IN

2l el + |G lae el
Gl IILH
(12l -+ L e +

With the Young inequality, we conclude that

! L alli Gl 123,
L .
el < 5 (g LW ) 15

Thus {ug} and {pe} are bounded in X and M respec-
tively. Up to a subsequence, they weakly converge to a
some u € X and p € M respectively. Obuviously we may
pass to the limit in the approzimate problem so that (u,p)
is a solution of (Q). Uniqueness of the solution follows
by taking (u,p) as a test function in the homogeneous ab-
stract problem (i.e. the one with L=0 and G=0). This
shows that u=0. Then the inf-sup condition implies that
p=0.

In fact we can prove that the whole sequence {(ue, pe)}
strongly converges to (u, p). More precisely, we can prove
that there exists C > 0 which only depends on the data
such that

o uellz

N

[[u—uellx + [|pe — pllu < Ce, Ve >0.
The difference (ug —u,pe — p) € X x M satisfies

a(ug —u,v) +b(v,pe — p) — b(ue — u,q) + €(pe,q)u =0,

for all ve X and for all ge M. Taking g =0 and using
the inf-sup condition,

b X —
supcx 22

a(ug—u,v
SUPvex ~hy

[lallllue — ullx-

Bllpe — pllm

INIA IA

Then we take v=us —u and g = pe — p in the above for-
mulation and we use the coercivity of a(-,-) to get

ot||ug — ul|} +&(pe — p.pe — P)u = —€(p,pe — P)u
hence

2
el <X s, e~ pllr < €10 i,
2
B oB

for all € > 0.

Corollary 3.11 (Right inversibility of B) Assume that
b satisfies the inf-sup condition (7). Then, there erists
a continuous linear operator ® : M' — X with |®| < B!
such that

Bo®=1d,,.

In particular for any G € M there ezists ug = ®(G) € X
such that
b(uGaq) :G(q)a vqua

|Gl
lluglx < '
B
Such an element ug is not necessarily unique.

Remark 3.12 Actually the existence of such an opera-
tor is equivalent to the inf-sup condition.

Proof of Corollary 3.11. We apply Theorem 3.8 to
the abstract problem

Find (u,p) € X x M such that
(u,v)x +b(v,p) = 0,
b(u,q) = Glg),
for all (v,q) € X x M.

As (+,-)x is obviously coercive on X, the theorem applies
and we have a unique solution (ug, pg) € X x M satisfying
the above problem. Then if we take v = ug in the first
equation, we obtain

lugllx = —G(pe).

Besides the inf-sup condition gives

Bllpall < sup (2R ) —sup (L2 ) g

vex \ [Vlx Ivlix

Thus we get

Gl
——lluclix,

2
lugllx < IGllarllpclim <
which provides the estimate on ||ug|/x. Moreover by con-
struction, ug depends linearly on G which gives the ex-
istence of the operator ®. |

It is now possible to determine a priori bounds for
the solution of the abstract problem:
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Theorem 3.13 (A priori estimates) Assume thata(-,
is coercive on X (with o the constant of coercivity). As-
sume that b satisfies the inf-sup condition (7). Then the
unique solution (u,p) of the abstract problem (Q) satis-

fes:
e < 124 2 (14 12) )

ol < (14150) (et + (o) @

Proof of Theorem 3.13. Let us use the properties
of the right inverse of B that was considered in Corol-
lary 3.11. Let (u,p) € X x M be the solution of the
saddle-point problem (Q). We take v=u—®(G) as a
test function in the first equation:

||L||x

a(u,u—®(G))+b(u—®(G),p) =L(u—d(G)).

Note that, thanks to the second equation of the system

b(u—®@(G),p) = b(u,p) — b(®(G),p) = G(p) — G(p) = 0.
Thus we have
a(u—®(G),u—®(G)) = L(u—d(G)) — a(®(G),u—d(G)).

Using the coercivity of a(-,-) and the estimates on ®,

IIaII
allu—2(G)|lx < [[Lllx + =Gl

This yields

P(G)|lx + [@(G)]1x
(115 16l

[Ju—
IIL ]
o

(el x

1
T

ININ

The estimate on p is obtained with the inf-sup condition:

b(vp)
SUPvex Tollx
—L
supyex R ||V3||x =
llalllleellx + [IZ]|x-

Bllplln <
<
<

Inserting the estimate on u into the above inequality
allows us to conclude the proof. |

Let us discuss the consequences of the previous re-
sults. In particular, we present some extension of Theo-
rem 3.8 by weakening some assumption and we consider
the finite dimensional problem.

A stronger result
Definition 3.14 (Kernel) The kernel of a bilinear form
b is the closed subspace Z C X defined as

Z:=Ker(B) ={veX, b(vq) =0, Vg € M}.
Corollary 3.15 Assume that b satisfies the inf-sup con-
dition (7). Let L be a continuous linear form on X such

-)that L(v) =0 for all ve Z. Then there exists a unique
p €M such that
L(v):b(v,p), VVGX,
and
< el

Proof of Corollary 3.15. By Theorem 3.8 and as-
sumptions on L, there is a unique (u,p) € X x M such

that

The second equation states that u € Z. Thus if we take
v =u in the first equation we obtain by using the as-
sumption Lz =0 that lull% = 0 hence u =0. Thus we
have

(u,v)x +b(v,p
b(u,q)

L(v),
Oa

Yv e X,
Vg e M.

b(v,p) Vv eX.

Moreover by the inf-sup inequality, we have:

b(v,p) _

vlix

=L(v),

L(v)

vex [[vllx

Blipllm <

sup
veX

= [[Lllx-

|

Now it is possible to prove a result which is stronger

than Theorem 3.8: the existence and uniqueness result
still holds if a(-,-) is coercive on the kernel of b.

Theorem 3.16 Theorem 3.8 still holds if we only as-
sume that a(-,-) is coercive on Z.

Proof of Theorem 3.16. We use the operator ® de-
fined in Corollary 3.11 so as to find (u,p) the solution
of the saddle-point problem as u = ii+ ®(G) where i be-
longs to Z, by definition of ®(G). Thus we aim at finding
ii € Z which satisfies

L(V) —a(®(G),V), WweZ

Since Z is a closed subspace of X, it is a Hilbert space
and the coercivity assumption on Z leads to the existence
and uniqueness of i by the Lax-Milgram theorem. Now
we define
L(v) = —a(®(G)+i,v)+L(v), WYveX.

By definition of i, L is zero on Z and, by Corollary 3.15
there exists a unique p € M such that

L(v)=b(v,p), YveX.
This exactly expresses the fact that (u =i+ ®(G),p) is
the solution of our problem. The estimate on u and p

readily adapts from the proof of Theorem 3.8. |
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The finite dimensional case

Assume that X = R"” and M = R”. Consider a ba-
sis (¢i)i=1,..n (vesp. (Wi)i=1,..p) of X (resp. M). Any
element u € X and p € M can be decomposed on these
bases as follows

n P
M=;Ui¢i7 p= ZIP:“I’:‘-
i= j=

Denoting by U the vector (U, ...,U,)" € R" and by P the
vector (P,...,P,)' € RP, we will use this type of notation
when it is necessary. Although the norms are equivalent
in a finite dimensional space, it is useful to introduce the
following specific ones. For any V € R",

1

n 2 n
VR := (ZV,Z) o IVIxe= 1Y Vigx-
i=1 i=1

A similar notation can be introduced for M. Note that
the basis (¢i)i=1,., may differ from the canonical one
(in particular it is not necessarily orthonormal) so that
the norms || - ||x and || - ||g» may differ (although they are
equivalent).

Define F' = ((L,91)xs x s+ (L, Pn)xr x)' € R" and the

following matrices

A=a(9j, )i j=1,.n B =[b(¢;,¥)li=1....p, j=1,...n

and assuming, for the sake of simplicity, that G =0, the
problem consists in studying the linear system

(5 5)(%)=(5)

i.e.
VO €R?, |B'Qllr: > BQllrr-

As a consequence, since all the previous steps are equiv-
alent, we have proved that the following are equivalent:

1. b satisfies the inf-sup condition;
2. 36>0, VQER’, |[B'Qlz > plIQlw-
Let us conclude the proof in two steps:

= The inf-sup condition leads to the inequality that
obviously implies that B' is injective.

= Conversely, assume that B' is injective. This im-
plies that Q € R? — ||B'Ql/gs is a norm on R”.
Since all the norms on a finite dimension space
are equivalent, we deduce that there exists a >0
such that

VOeR?, |[|Q|lre < &||B'Ql|rs-

Thus we have proved that item 2. is satisfied with
B =1/a, hence item 1. is satisfied. This concludes
the proof.

Moreover we can prove the following result:

Theorem 3.18 The following are equivalent:
1. A is coercive on Z = Ker(B),
2. 3¢ >0, A+A'+ 1B'B is s.p.d.

Proof of Theorem 3.18.
Assume that property 1. holds. We proceed by re-

Proposition 3.17 (Inf-sup condition in finite dimensjon) .7 ubsurdum. Assume that property 2. is false.

The inf-sup condition (7) is equivalent to the injectivity
of B' (hence to the surjectivity of B).

Proof of Proposition 3.17. The inf-sup condition
states that there exists B > 0 such that

b
YgEe M, sup (.9)
veX HVHX

= Bllgllsa,

which after introducing the vectors V € R" and Q € R”
representing v and ¢ gives

(BV,Q)rr

YQ eR?,  sup
VIlx

VeRn

> BlIQllm;

Using the equivalence of the norms, we have

(BV,Q)rr

YO eRP sup ————— > ﬁ”Q”RI’a
vern  [|Vlr
with B > (. Then we obtain
B'OV)pn _ =
voerr, sup ZLVE L g0,

verr  [|VI|rr

Thus for any € > 0 there exists ue such that [jug] =1
and

1
2(Aug,ug)—|—g”BugH2 <0. (10)

The sequence {ug} converges, up to an extraction, to an
element u with ||u|| = 1. Moreover,

|1Buel* < 2| A[l||ue|| = 2€[| Al —O.
e—0
Thus Bug — 0, hence Bu =0 and u € Ker(B). As a(-,-)
is coercive on Ker(B) and |ju|]| =1, we have (Au,u) > a.
Thus for € sufficiently small, we have (Aug,ue) > 0 which
is in contradiction with Eq. (10).

Conversely, assume that property 2. holds so that
there exists a > 0 satisfying

1
Vi, 2(Ausu) + < |Bull> > ol
As a consequence, for u € Ker(B),
(Au,u) > orjul]?,

and property 2. is proved. |



Introduccién al método de los elementos finitos

21

3.3 Example 1: A very simple linear constraint
Consider a domain Q and a non empty subdomain
BC Q. Let >0 and f € L*(Q). Define the functional

1 2, & [ 5
==/ |Vv +—/v—/ 2
) 2./9| | 2 Jo Qf

and the space

V:{veHl(Q), /Bv:o}.

We consider the minimization problem which consists in
finding a (unique) minimizer of J over V, i.e.

Find u € V such that
J(u) = minJ(v).
veV

As V is a closed subspace of H'(Q) and J is a strictly
convex and coercive functional, then the minimization
problem admits a unique solution. But what kind of
variational formulation is associated to this minimiza-
tion problem?

Remark 3.19 If the space was H'(Q) only, i.e. with-
out the constraint on the mean value over B, then the
variational formulation would write:

Find u € H'(Q) such that

/Vu Vv—i—a/uv-/fv
for all v e H'(Q).

This is a classical elliptic problem but it does not take
into account the constraint [gu=0! And the solution of
the above (unconstrained) problem does not satisfy the
constraint [gu =0 in general.

Remark 3.20 By the Laz-Milgram theorem, a possible
variational formulation consists in dealing with the con-
straint in the functional space:

Find u €'V such that

/Vu Vv—l—a/uv-/fv

forallveV.

This is also a classical elliptic problem for which the con-
straint on [yu is taken into account through the defini-
tion of the functional space. But the functional space
is not so classical and, if we aim at solving this prob-
lem with the finite element method, we need to define a
finite dimensional subspace of V, denoted Vy,, thus build-
ing a basis of Vy,; it means in particular that each element
should satisfy the constraint! In order to avoid such a
difficulty, we aim at preserving the natural space H'(Q)
(for which finite dimensional subspaces are well known
and easy to build) but there is some price to pay: re-
laxing the constraint in the functional space requires the
introduction of a mew unknown: a so-called Lagrange
multiplier (associated to the constraint).

The variational framework is
Find (u,A) € H'(Q) x R such that

Vu-Vv—l—a/uv—i—l/v
Q JQ

[
Q
pfu = 0,
JB
for all (v,u) € H'(Q) x R.

Q")

The above system clearly falls into the scope of the
saddle-point problems. Besides, the second equation
ensures that the solution (if it exists) satisfies the con-
straint whereas the Lagrange multiplier A in the first
equation quantifies an external force (with support in B)
that is necessary to impose this constraint: indeed we

have
l/v:/ Algy
B Q

so that the first equation can be read as

/ngu-Vv—l—(x./qu:/Q(f—llg)v

From the mathematical point of view, we may prove
that this saddle-point problem is well-posed. The main
required properties are obviously satisfied and we only
focus to the inf-sup condition: we aim at identifying
some f3 > 0 such that

sup Alpv >BJAl, VAER
e Tl

or, after an obvious simplification (this is not possible in
generall),
Jsv

) [Vl e
Consider it = 1. As an obvious fact, i € H'(Q) and
s _ 18]
il o)}

sup
veH! (Q

Thus we obtain
lpv . lsi _ 1Bl
Tl = Tl ~ (ot

The inf-sup condition is satisfied. As a conclusion, the
saddle-point problem (Q(l)) is well-posed.

sup
VGHl

Exercise 8 Consider a domain Q and a nonempty sub-
domain BC Q. Let >0 and f € L*(Q). Define

1 2, O 2
v)—2./9|Vv|—|—2/Qv /va,

andV is a subspace of H'(Q) to be precised. We consider
the minimization problem which consists in finding the
manimazer of J over V, i.e. find u such that

u = argmin, ., J (v).

Define saddle-point formulations associated to the fol-
lowing constraints:
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1. V={veH'(Q), v= [zv on B};

2. V={veH'(Q), v= [;5v on B};
3. V:{veHl(Q), Jagv = Jpv on B}.

3.4 Example 2: Porous medium

We consider the same example as in section 2.3, namely

the general elliptic equation —div(# Vu) = f, also ref-
ered to as the Darcy equation, and we propose an alter-
native formulation of this problem. This formulation is
called mized formulation and reads

—div(o)
Vu—#"lo

One possible weak formulation is the following

g
0.

Find (o,u) € (L*(Q))? x H} (Q) such that
/ X lo- 1:— Vu T = 0,
2
(Q[a] )
I,
é} JQ
for all ( (L (Q x H} Q)
In this formulation, X = (L?(Q))¢ and M = H} (Q). Thus
o plays the role of the main unknown whereas u is
the Lagrange multiplier associated with the constraint
—divo = f. Consequently, we introduce

—/G-Vu.
Q

As 7 is uniformly bounded and coercive, the bilin-
ear form a is continuous and coercive on X and the bilin-
ear form b is continuous on X x M. the well-posedness
depends on the inf-sup condition which writes

Joo-Vu

ol ||L2

a(G,f):/QJi/’la-f, b(c,u) =

sup Yu € H}(Q).

oc(L2(Q))d

>ﬁ||M||H1,

This inequality holds with B =1 by taking ¢ = Vu: in-
deed this leads to

gl

= llull -
el g o

Thus the problem admits a unique solution.
Exercise 9 Build explicitely a right inverse ®: M’ — X

for the operator

B : X=(*Q))?

o —

- M =H'Q)
div(o).

If we formally integrate by parts the term b(o,u)
in the previous equations, we can write another weak

formulation as follows

Find (o,u) € Hgiy(Q) x L*(Q) such that

/%/’IG-T—F udiv(t) = 0,
Ja
|
Q

- /ﬂ vdiv(o) =
Q
for all (1,v) € Hgiy (Q) x L2(Q).
In this formulation, X = Hg;y(Q) and M = L*(Q). Here
also o plays the role of the main unknown and u is the
Lagrange multiplier but the regularity assumed on those
unknowns are not the same (o is more regular and u is
less regular than in the previous formulation). Conse-
quently, we introduce:

dmﬂ:/%“Gm M@@:—/mmw)
Jo JQ

The bilinear form a is not coercive on X because the
L?—norm of div(c) is not controlled. But it is coercive
on the kernel of b, denoted Z. Indeed Z is Hp giv(Q) =
{6 € Hgiy(Q), div(c) =0} and the L2 —norm is equivalent
to the Hgiy—norm on Z. Let us prove that the inf-sup
condition is satisfied:

Joudiv(o)

H ||Hdiv

sup > Bllull2, YueL*(Q).

OEHgiy (Q)

For this, for a given u € L*(Q), let us consider the solu-
tion ¢ € H}(Q) of —A¢ = u and we define 6 = —V¢ €
Hgiy(Q). We have

117, = V172 + [lull7-

We test the equation for ¢ against u and, by the Poincaré
inequality, we find

2
1997 = [ ué < lullzo1z < Clulz Vol

so that ||o||m,, < V14 C?ul;2 and we get

Joyu div(c)
H o-”Hdiv

1
et m”u”Lz

which proves the inf-sup condition.

3.5 Example 3: Stokes problem
The strong formulation of the Stokes system in a
bounded connected domain Q of R? writes

—AM+VP = f7
div(iu) = 0,

with homogeneous boundary conditions for the velocity
field u : @ — R? and an additional conditon: the pressure
p: Q — R has zero mean value. Actually, this strong for-
mulation comes from the following minimization prob-
lem: define the functional

1
=3 v [
JQ Q
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and the space
V ={ve (H)(Q))", div(v) =0},

and find the unique minimizer of J over V, i.e. find u
such that
u = argmin, ., J (v).

As V is a closed subspace of (H}(Q))? and J is a strictly
convex and coercive functional, then the minimization
problem admits a unique solution. But what kind of
variational formulation is associated to this minimiza-
tion problem?

Remark 3.21 If the space were (H}(Q))¢ only, i.e. with-
out the constraint on the divergence, then the variational
formulation would write:

Find u € (H}(Q))? such that

Vu:Vv = / [,
. )
for all v e (H} (Q))".

Here we used the notation A: B=Y, ;a; jb; j for the inner
product in the set of matrices.

The above equation is a classical elliptic problem but
it does mot take into account the constraint on the diver-
gence !

Remark 3.22 By the Laz-Milgram theorem, a possible
variational formulation consists in dealing with the con-
straint in the functional space:

Find u € V such that

/QVu:Vv:/Qf-v,

forallveV.

This is also a classical elliptic problem which does take
into account the constraint on the divergence. But the
functional space is not so classical and, if we aim at solv-
ing this problem with the finite element method, we need
to define a finite dimensional subspace of V, denoted Vj,
thus building a basis of Vy; it means in particular that
each element should satisfy the constraint! In order to
avoid such a difficulty, we aim at preserving the natural
space (HY(Q))4 (for which finite dimensional subspaces
are well known) but there is some price to pay: relazing
the constraint in the functional space requires the intro-
duction of a new unknown: a so-called Lagrange multi-
plier (associated to the constraint).

The variational framework is
Find (u,p) € (H} (Q))? x L3(Q) such that
/Vu:Vv—/pdiv(v) /f-v,
Q Q
gdiviu) = 0,
Q
for all (v,q) € (H} (Q))? x L3(Q).

Q)

The bilinear forms are continuous and a is coercive on
X = (H}(Q))?. The inf-sup condition writes:

Jop div(v)

Vp € L§(Q).
[Vl 1

sup > Blipllz2,

ve(Hg (@)

In this problem, the pressure p is the Lagrange multi-
plier associated to the incompressibility equation div(u) =
0. Assuming that the solution is regular and proceeding
with integrations by parts, we can see easily that the
strong formulation is recovered.

This inf-sup inequality is a consequence of the fol-
lowing result (which is rather difficult to prove in the
general case) which is an adaptation of Corollary 3.11:

Lemma 3.23 For any function p € L3(Q) there exists
vE (H} (Q))? such that div(v) = p. Besides we can choose
v such that

Wl < Cliplee,

where C >0 only depends on Q.

A proof of this lemma can found in [10, 3, 14].

4. Basic principles of the Galerkin
approximation

4.1 Elliptic problems: Galerkin approximation

Let V be a Hilbert space, a(-,-) a coercive continuous
bilinear form and L a continuous linear form. Thus the
problem
Find u € V such that
a(u,v) =L(v),
forallve V.

(P)

admits a unique solution thanks to the Lax-Milgram the-
orem (Theorem 2.1). We aim at studying strategies
that allow us to describe the solution by approxima-
tion, by means of computations. This pragmatic con-
straint leads us to target approximation procedures in a
finite-dimesional framework. Different methods can be
described: we will focus on the Galerkin approximation
and the Petrov-Galerkin approximation.

We introduce a finite-dimensional subspace V, C V
and looking for an approximate solution in this subspace.
Thus we define the approximate problem

Find uy, € V), such that

a(up,v) = L(vy),
forall v, € Vj,.

(Pn)

Exercise 10 1. Prove that the approximate problem
(Pp) is equivalent to a finite-dimensional linear sys-
tem to be determined.

2. Prove that (Py) is well-posed.
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We may notice that:

= Subscript & refers to a mesh size or more generally
to the quality of the approximation of V.

= Other approximations may be defined: it is possi-
ble to replace a(-,-) by a bilinear form a;(-, ) (for in-
stance using interpolation formula for the approxi-
mation of the integrals formula); it is also possible
to consider spaces V), which are not included in V
(the approximation is said to be non-conforming)
in which case an extension of the continuous bilin-
ear form af(-,-) is required in order to be defined on
Vi, x V. The well-posedness becomes questionable
in these cases.

= It is possible to consider two finite-dimensional
spaces Vj, and W, and look for a solution u;, €V,
with test functions in Wj,. This is called a Petrov-
Galerkin approximation (which will be studied in
the next subsection). The well-posedness of the ap-
proximate problem becomes questionable as well.

The interest of such an approximation only makes
sense if we may guarantee that the solution of the ap-
proximate problem uy, is indeed an approximation of the
solution u. Thus the error has to be estimated in order
to ensure that the process is valid. Note that by linearity
we have

Vv € Vi, a(u—up,vy) =0.

The error e, := u — uy, is a—orthogonal to Vj,. This is the
basis which will alow us to perform the analysis of the
convergence of the method.

Lemma 4.1 (Error estimate) Under the approxima-
bility property of Vi, i.e.

YweV, limd(v,V,)=0.
h—0
then {un} converges to u in V. Moreover,
llall . [lall
—uplly < 2 ik =l = “La,vy).
e —unlly < =~ inf flu—vally = = Zd(u, Vi)

Proof of Lemma 4.1. Let us proceed in three steps.

= Step 1. Weak convergence of u; to u. Ap-
plying the Lax-Milgram theorem for (Pj,) not only
provides the existence and uniqueness result for
its solution but also provides an estimate on uy,
namely

Jay < 14y

Thus the sequence {uy} is bounded in V and, as
a consequence?, there exists i# € V such that, up
to a subsequence still denoted h, {uy,} weakly con-
verges to i. Let us prove that i = u. For this, let

3We have:

us fix some v € V. By assumption, there exists a
sequence {v,} of elements in V such that

e v, €V, for all h,

L] 1imh*>0 HV—VhHV =0.

Let us select v, as a test function in the approxi-
mate problem:

a(up, vy = L(vp).

Using the “strong-weak convergence” argument?,
we pass to the limit in the left-hand side. Pass-
ing to the limit in the right-hand side as well, we
obtain:

a(i,v) =L(v).

This result holds for any v € V and, as the solution
of the initial problem is unique, i = u. It shows also
that the sequence {u;} admits a unique adherent
value (or closure point) in V for the weak topol-
ogy. Therefore the whole sequence {u;} weakly
converges to u (by Theorem 4.2).

= Step 2. Strong convergence of u; to u. Let
us prove that {u;} strongly converges to u. Let
us choose uy, as a test function in the approximate
problem. We have

alup,up) = L(up) — L(u) = a(u,u).

Theorem 4.2 Let H be a Hilbert space and {u,} a bounded se-
quence in H. Then

e there exists a least one subsequence u, which weakly con-
verges;

o if, furthermore, the set of weak limits reduces to a single
element, then the whole sequence {u,}n weakly converges to
this element .

4The “strong-weak convergence” argument relies on the follow-
ing proposition:

Proposition 4.3 Let E be a normed vector space. We consider
a sequence {x,}, of elements in E, and x € E. Assume that {x,},
weakly converges to x. Then,

(i) (xn) is bounded;
(i) if |fu = fller =0, then fu(x) = f(x);

In particular, the proof of item (ii) (combined with item (i)) allows
us to prove the “strong-weak convergence” argument in our specific
case:

|a(up,vy) —a(i,v)| la(up,vy) —a(up,v) + a(up,v) —a(i,v)|
a(un,vi) — a(up,v)| +la(uy,v) — a(i,v)]
[(a(up, vy —v)| + |a(up — i,v)|

lall lunllv lve = vlv +|a(u, — i@,v)| .

(*) () (%)

INIANIA

By item (i), (*) is bounded. Besides (#x) goes to 0 as {v,} (strongly)
converges to v and (x*x*) goes to 0 as {u,} weakly converges to &
in V. Thus a(up,v,) converges to a(ii,v).
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Then we get

alup,up) — a(up,u)
—a(u,up) + a(u,u),

alup—uup—u) =

which goes to 0 as h — 0. By coercivity of a, the
last convergence results implies that |Ju, —u||y -
N

0.

= Step 3. Estimate (Céa’s lemma). Let us prove
the estimate. Taking v, —uy; in the orthogonality
equation of ej 1= u —uy, we have

0=alen, vy —up) = alep, vy, —u) +alep,ep).
Then we get
allenli < llallllellvI[va—ullv.

This inequality holds for any v, € V,, so that the
proof is concluded.

|

This lemma shows that the approximation error ex-

pressed in the V—norm e, is directly related to the dis-

tance between V and Vj,. Thus it is necessary to build

suitable approximation spaces V,, that allow us to esti-
mate the distance between the solution u and V.

4.2 Elliptic problems: Petrov-Galerkin approximation

Let us consider a generalized version of the Galerkin
approximation: we consider two finite-dimensional sub-
spaces of V, namely V,, and W,. We assume that those
spaces have the same dimension, which is a mandatory
condition to expect the underlying linear problem to be
well-posed. The approximate problem reads

Find u;, € V;, such that

alup,wp) = L(wy),
for all w;, € W,,.

(Pn)

The coercivity of a(-,-) on V x V is not sufficient to en-
sure existence and uniqueness of a solution for this ap-
proximate problem. The well-posedness of the problem
is ensured by the two conditions of the Banach-Necas-
Babuska theorem (see Theorem 3.3, page 15). Actually,
in finite dimension, the two conditions are equivalent®

5In the case of the finite dimensional framework, consider a
basis (¢;)i=1,...n (resp. (¥)i=1,...n) of Vi, (resp. W,). Any element
up € Vi, and wy € W), can be decomposed on these bases as follows:
up =Y Ui, wp = Z;f:l W;yi. We denote U the vector (U, ...,U,)' €
R" and W the vector (Wi,...,W,)' € R” and we define the vector F =
((L,yn1),.... (L, )" and the following matrix A = [a(9;, ¥;)li j1,...n-
The problem consists in studying the linear system AU = F.

= Eq. (5) should be read as (see also Proposition 3.17, page
20, for a similar proof)

35{>07 VVER”7 HAVHR” 2&\|V|\Rn7

and the approximate problem is well-posed if, and only
if, there exists o, > 0 such that

inf [ sup _alvi,wn) > 0.
&V \wpew, [[Vallv [wallv

In this case, the approximate problem admits a unique
solution u;, which satisfies

IIL]|y
< IV
l|unllv < o

Note that u;, admits an a priori bound only if oy does
not tend to 0 when /4 tends to O.

Lemma 4.4 (Error estimate) Assume that
L] dlm(Vh) = dlm(Wh),
= Vh>0, Jo, >0, inf [ sup _alvwn) o o
Vi \wyew, [[vallv [lwallv

Then we have
lall\ .
— <{1+—) inf — .
||ue uh|v_( + @ vhevh”u vallv

Assume furthermore that

= g uniform inf-sup condition holds:

Ja>0, Vh>0, o> a,

= the approzimability property of V}, holds:

YweV, limd(v,V,)=0.
h—0

Then {up} converges tou inV:
lim ||lu — =0
tim e~y = 0.

Proof of Lemma 4.4. The well-posedness of the ap-
proximate problem is ensured by the two conditions of
the Banach-Necas-Babugka theorem (see Theorem 3.3,
page 15) and, in finite dimension with dim(V},) = dim(W},),
the two conditions are equivalent. Thus u;, is uniquely
determined.

Besides the error ej, := u — uy, satisfies the orthogonal-
ity equation

a(eh,wh) =0, VYw,eW,.

(11)
Let v, € V.. We have

en=u—u,=Ww—vp)+ (v —up).

which means that A is injective;
= Eq. (6) states that A' is injective, i.e. A is surjective.

Clearly for a nxn linear system the two conditions are equivalent
and any of them provides the well-posedness.
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Using first the inf-sup condition, then (11) and finally
the continuity of a, we get

1 a\vp — up,wp
-l < — sup S0 tn)
O wyew,  llwallv
B a(vy, —u,wp)
Swyew,  Iwallv
< MHlxl—vth.
S &

Thus we obtain
a
et < (1+221) =y
h

This inequality holds for any v, € Vj,. Finally the uniform
control on ¢ and the approximability property of V,
allow us to conclude the proof. |

In the Petrov-Galerkin approximation, different prop-
erties are required:

= control of the approximation error associated to
Vh7

= control of the constant in the inf-sup condition:
subspaces Vj, and W, should not be too a—orthogonal
as h goes to 0.

Example. Let us consider the standard example of the
problem —u” = f with Dirichlet boundary conditions in
1D: V = H (10, 1]), a(u,v) = [y 'V

= We take a one-dimensional subspace Vj, C V gener-
ated by p(x) =1—|2x— 1| (its gradient is equal to
2 on [0,1/2[ and —2 on [1/2,1]).

= We take a one-dimensional subspace W, C V gen-
erated by g(x) = sin(4zx) (its gradient is equal to
4mcos(4mx)).

Observe that the inf-sup condition is not satisfied for

this problem since a(vj,w;) =0 for any v, € V;,,w;, € W,,.
Indeed, we have

1
11
/Pq
0

8 (/% cos(4mx)dx — 1cos(47rx) dx)

a(p,q) =

N.\»—-\

Jo
= 0.

Remark 4.5 Even if a(-,-) is symmetric the resulting
Petrov-Galerkin approximate problem is mot necessarily
symmetric.

4.3 Saddle-point problems and Galerkin approxima-
tion
Let X and M be two Hilbert spaces. We consider, as
in section 3.2, the following problem:

Find (u,p) € X x M such that
a(u,v)+b(v,p) = L),
b(u,q) = Glq),
for any (v,q) € X x M.

Here L and G are continuous linear forms over X and
M respectively. We have seen that this problem is well
posed if a(-,-) is coercive on X (or on the kernel of b)
and b satisfies the inf-sup condition

b
inf (sup (v.p)
pe \vex [vIIx[Ipllm

)2B>0.

If we now consider X, and M), two finite-dimensional
subspaces of X and M respectively, we may define an
approximate problem:

Find (uy, pr) € X, X My, such that
a(up,vp) +b(ve,pp) = L(va),

b(un,qn) = G(qn),
for any (vi,qn) € Xp X Mj,.

Remark 4.6 Note that a Petrov-Galerkin approach is
possible by using test functions v, and gy in other spaces
than X, and My. The subsequent analysis is more intri-
cate so that we do not want to enter the details here.

Let us discuss the existence and convergence issue.
What can we say about this approximate problem?

= If a(-,-) is coercive on X, then a is coercive on X,
with the same constant of coercivity. In order to
guarantee that the approximate problem is well-
posed, it suffices for the inf-sup condition to be
satisfied:

b
inf | sup U > P> 0. (12)
rneMy \ vyex;, [Vallx || palls

Because of the finite dimensional framework, a com-
pactness argument allows us to show that this con-
dition is satisfied if, and only if,

1) pneM,

2) \V/Vh € Xy, b(vhvph):() }:>ph:0

If we consider the restriction B) of operator B :
M — X' as an operator from M), onto X;, then the
above condition states that B) should be injective
(see also Proposition 3.17, page 20). In particular,
the dimension of M), should be lower than the di-
mension of Xj,. Thus, the inf-sup condition is not
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satisfied if My, is too big with respect to X,. If the  with ||B|| = ||b||. Moreover, we have
discrete inf-sup condition is satisfied, there exists
a unique solution (uy, py) € X, X My, of the approx- b(¥w,qn) = b(CDh((BV)\Mh)aCIh)
imate problem and we have the following bounds: = <th>h(BV) \Mh,Qh> M) M,
Il 1 ( lal = Bl
lunlx < T—i_ﬁ (14‘7) [Gllar = (Bv.qn)ym
= b(vu Qh)
[all 1 [all The claim is proved. [ |
loalhe < (14120} (1o + Bl ).
o B B?

= If a(-,-) is coercive only on the kernel of b, then
nothing guarantees that it is coercive on Z, the
kernel of the restriction b : Xj, x M, — R. Indeed,
we do not have in general the inclusion Z, C Z bea-
cuse an element vy, € Zj, is such that b(v,, py) =0 for
all p;, € M, but there is no reason why b(vy,p) =0
for any p € M\ M},. Thus, it is necessary to impose
to a(+,-) a coercivity constraint on Zj, as a supple-
mentary condition in order the discrete problem to
be well-posed.

Then we have the convergence result (the proof read-
ily adapts from the proof of Lemma 4.1):

Lemma 4.7 (Convergence) If there exists § >0 such
that By, > B for allh >0 and if d(v,X},) — 0 and d(q,M},) —
0 for all vEX and for all g € M, then (uy,py) — (u,p)
m X X M when h goes to 0.

Let us focus on error estimates. We establish the
following result:

Proposition 4.8 Assume that b satisfies the discrete
inf-sup condition (12) for the spaces X, and My,. For all
h >0, there exists a continuous linear operator V) :=

lIb

X = X, such that ||¥y] < ﬁ_h“ and

Vv e X7 V% € Mha b(\thv Qh) = b(V, Qh)

Proof of Proposition 4.8. Using the inf-sup condition
(12) and Corollary 3.11, there exists a continuous right
inverse &, :M,/l — X, to the operator

B, : X, — M,g
vy > b(vh,-)

with a norm which is bounded by 1/8,. We define, for
allveX,

lPhV = q)h((BV)\Mh)-
By construction,

1 1B]]
[Wavllx < 2= I1(BV)im, I, < Z=[IVIIx,

B B

Remark 4.9 We will see that the existence of such an
operator with a norm which does not depend on h is
a necessary and sufficient condition for the spaces Xj
and My, to satisfy a uniform inf-sup condition for b (see
Lemma 6.1 (Fortin’s lemma), page 45).

Let us now focus on the error estimate.

Lemma 4.10 (Error estimate) Assume that a is co-
ercive on V and that the discrete inf-sup condition (12)
is satisfied, then we have

llall 1]
— < 14— 14+ — | d(u,X
le—upllx < ( + p + ﬁa (u,Xp)
—d(p,M,
+ o (p,Mp),
[lall llall 1]
— < —(1+— 14+ — |d(u,X
s g +||If|£| | ||+||b[|3|h o
a
+ 1+ 22+ ) a(p, My,).
( ﬁh ﬁh o ) (p h)

Proof of Proposition 4.10. We introduce

ey = Uu—Up, tp =P — Ph-
We may observe that:
{ a(@h,Vh)+b(Vh,7fh) = 07 vvh EXh;
b(en,qn) = 0, Vg, € M.

Let us proceed in two steps:

1. The first equation is rewritten, for any g, € M;, as

alen,vi) +b(vi, 0 = an) = b(vi, P —qn), Vi € Xp.
By using forst the discrete inf-sup condition, then
the equation above, and finally the continuity of a
and b, we have

1 bV, Ph—qn)
lan—pully < & sup —————
Bh vEX) Hvl”lHX
_ 1 a(en;v) +b(va, P — qn)
Bh vREXy ||V/1||X
1
< E(H“HH%HX*—HbHHP—%HM)-
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By the triangle inequality, we have, for all g, € Mj,

Il 7tnllar < lp — anllae + llgn — pallm,

hence

b a
ll7llae < <1+—” ”)d(l?,Mh)Jr—” ”Hehllx-
B B

We have thus obtained an estimate on the error 7,
in function of the error e,.

. Let v, € X;,. We define ry, =¥, (u—vy,), where ¥, is

the operator defined in (the proof of) Proposition
4.8. By definition, we have that
blu—vy,—rp,qn) =0, Vg, €M,
As b(ey,qp) =0 for all g, € M), we get
Vg, € Mj,.

b(up — (v +14),qn) =0, (13)

Thus we choose (v, +r,) —uy, as a test function in
the first equation and we get

a(en, (v +rn) — up) +b((vi+rp) — wp, M) = 0.

Since, by (13), (v, +r,) —uy, is b—orthogonal to Mj,
we may replace m, in the second term by p — g,
with an arbitrary g, € Mj:

a(en, (v +rn) —up) +b((vip+ 1) — un, p — qi) = 0.

Then we deal with the quantity <7 := a((vy,+ry) —

up, (v +rp) —up). On the one hand, by coercivity,
ol (vi+ i) —unly < || (14)

On the other hand, as u, = u — ¢y,

o = a(lvp+r)—u+ten (vip+ry)—up)
= a((va+r) —u,(vi+rp) — up)
+a(en, (vp+rn) —up)
= a((vh—l-rh)—u,(vh—l-rh)—uh)
=b((vi+11) = wn, P — qn),
We obtain

|| < lallllu— (vi+ra)llx]| (vi + 1) — unl|x
+bll[vi+rn — unllx[|p — gnllm. (15)

Combining Eqgs. (14) and (15), we get
o)l < 1l
ntrn) =l < 7S u— (vt r)llx
2L g
a )
where g, € M, is arbitrary. Hence,

a
(T S P Cl N

1]
—d(p,M,
+ o (p,Mp),

and then

IN

e — (Vi +rw)llx + | (v + 1) — upllx

(11

o

[l —unllx

IN

) [l — (vi =+ ) |lx
Il

—_— M;).

+ d(p,Mp)

Besides, the definition of r, and the properties of
operator ¥, imply

IN

|t — (vi+rn)llx [l —villx + [[7allx

IN

(1 20 b v

This holds for all v, € X;, and we thus obtain

llall o]l
- < 14— 1+— |d(u,X
lu—wpllx < ( + Oc + ﬁ?)' (u,Xp,)
—d(p,M}).
+ o (p,My)

The pressure estimate is obtained by using the
above estimate.

The estimate depends not only on the approxima-
tion error for every space X, and M, but also on the
dependency of the constant f;, in the inf-sup condition
with respect to the discretization parameter. Let us now
study how approximation spaces (V}, on the one hand, X,
and Mj, on the other hand) can be built.

4.4 Approximation spaces
Some principles rule the choice of approximation spaces
Vi and a basis (¢;); of such spaces. Let us note that
finding a solution uj, =Y ;u;¢; of a variational problem
consists in solving a linear system with matrix A defined
by aij = a(9;,¢;). In practive, it is thus necessary to:

= compute the coefficients,

= build the most simple matrix, i.e. the related sys-
tem should be “easily” solved.

The definition of the space and the choice of a basis is
crucial. Let us discuss some examples:

» If we define Vj, as the set of polynomial functions
of degree less than N, with its canonical basis de-
fined by the monomials, then the related matrix
is likely to be dense. Of course, if we choose a
basis of polynomials which are orthogonal for the
scalar product defined by a (when a is symmetric,
positive definite), then the matrix is diagonal and
solving the related linear system is easy. This can
possibly done by using a Gram orthonormalisation
process.
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= An efficient method consists in defining the ap-
proximation space as the subspace generated by
the eigenfunctions of the operator that defines the
PDE. If the solution is regular, we can prove under
suitable assumptions that the method is quite effi-
cient: this is the very basis of the so-called spectral
methods.

Example. We denote Vy the space generated by
the first N eigenfunctions of the Dirichlet-Laplace
operator in 1D (i.e. x+ sin(kzx) on ]0,1[, then we
have (Parseval’s identity):

C
Ve HM(10,1]), - d(u, Vi) < llullin.

O

This method has a major drawback, as we only
know the eigenfunctions of the operator in a lim-
ited number of cases. In the other cases, we use the
eigenfunctions of another operator with the secret
hope that it will work fine. Besides, the matrix
is dense, which may lead to heavy computational
costs.

= In the next section, we will focus on the finite
element method. The main idea consists in cut-
ting the domain into small pieces or elements and
defining the approximation space as a set of piece-
wise regular functions with a particular structure
on each element. Piecewise polynomials are classi-
cally used in this prospect.

5. Examples of finite element spaces

5.1 Finite elements in 1D: P! finite element
Approximation space P! in 1D. We consider Q =
10, 1[ et we target the definition of a suitable approxima-
tion space for V.= H'(Q). For this we mesh the domain
Q. In the 1D framework: the domain is divided in seg-
ments [x;,x;11], i € {0,...,N} so that x; < x;; and xg =0
and xy41 = 1. We define the mesh size & := sup; |x;11 — x|
and we denote by K; := [x;,x;11] the cells of the mesh.
Let us consider the set of piecewise affine functions:

Vi={ueV, ug, E]P’l},

where P! is the set of polynomials of degree 1. No-
tice that we consider a conforming approximation space
since, by construction, V;, C V.

Lemma 5.1 The space V;, writes
Vi ={ueccQ), Uk, € P'},
and, moreover, the mapping

D:u— (u(xo),...,u(xni1))

is an isomorphism from Vi, onto RN*2.  In particular
dim(V,) =N+2.

Proof of Lemma 5.1. In 1D, H'(Q) c C°(Q). Con-
versely, continuous functions that are affine on each ele-
ment belong to H'(Q). The properties of the mapping,
i.e. @ is linear and bijective, follow from the fact that a
piecewise affine function is uniquely defined by its values
at the nodes of the mesh. |

Remark 5.2 The choice of a conforming approxima-
tion space may have important consequences: assume
that we are interested in V = H*(Q). Then we can show
that {u €V, u, € P'} is an approzimation space with di-
mension 2 (it is the set of affine functions over the whole
domain)! Thus it is clear that this approzimation has a
very limited interest for the numerical approximation of
a variational formulation dealing with H*(Q).

As @ is bijective, any element u € Vj, can be identified
to ®(u) € RV*2. The elements of ®(u) are refered to as
degrees of freedom in the approximation space V.

When the degrees of freedom take the form u — u(a)
with a € Q, we refer the method to Lagrange finite el-
ements. The points a; are the nodes associated to the
approximation space. In the case of P! finite elements,
the nodes a; coincide with the points x; which define the
mesh. However, this is not always the case as we will
see below for instance for the P? elements.

Definition 5.3 We denote e¢; for i=0,...,N+1 the vec-
tors of the canonical basis of RV, We denote ¢; the
shape function associated to the node x; such that ®(¢;) =
ei. Thus the functions ¢; € V), are defined by the property

¢i(x)) = &j,

see Figure 3.

Vi, j€{0,...N+1},

Let us estimate the approximation error associated
to Vj,. For this let us introduce the notion of interpola-
tion operator. We denote by v+ |v| the seminorm on
H*(Q), defined by

1
2
V] = ( Y II3“VIIiz> ;

lot|=k
with the consistent convention:
H(Q) =1*(Q),

Vlgo = [V

Definition 5.4 (Interpolation operator .#) The in-
terpolation operator fhl from V onto V), is defined as

VueV, Flu=ao! (u(x0),..suxns1))
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o & *® ® » °
Xi—1 Xi Xitl
Figure 3. P! finite element in 1D: global shape functions i1, ¢; and @y .
i.e. Proof of Proposition 5.5. The basic idea relies on
Nal the analysis of fhlu —u on each element of the mesh.
VueV, VxeQ, Flu(x)= Y u() ¢i(x). Let i € {0,...,N} and let x € K;.
i=0

Step 1. Derivation of estimates (16) and (17). For

Let us notice that if u € H}(Q), then #lu € H}(Q) X € [xi,Xip1] we have

and thus 1

il — ) + g (x— xi)
Vh)() =V, ﬂH(} (.Q.) jh (x) B

h;
is a conforming approximation space for HO1 (Q). Let us  with u; = u(x;) and h; = x;1 —x;. Thus

. . 1
now der.lve the estimates on .7, . L . 1 (11— 1)) (i1 — ) + (101 — () (x — x2)
We illustrate the shape of the P' interpolation for a %, (x) —u(x) = h- ,

given function in Figure 5 (solid black line).
so that we obtain by the Cauchy-Schwarz inequality,

(21)

Theorem 5.5 (Properties of fhl) The following prop-

erties hold: |7 () —u(x)| < |“ix—”(x)| + |’4i+1.x1_—+l’4(x)|
< '(t)dt / '(r)dt
1. There exists C > 0 such that - /){iu() ‘+}.x u(e) ‘
1 1 Xit1 , 2 %
VueV, | Flu—ullp<Chluly, — (16) < o} / (1) e
Xi
\V/MEV, ‘thM—M‘Hl §C|M|H1 . (17) and then
. Xit1 2 Xit1 2
2. There exists C > 0 such that / |jh1 (x) — u(x)‘ dx < 4hi2 / |u'(t)‘ dr
Xi Xi
Vue VNH(Q), |Fu—ulp <Ch*lulp, (18)  4nd. by summation,
Vue VNH*(Q), |Alu—ul, <Chluly. (19) |2t u—ul| 2 < 2h||d|| 2 = 2h|uly (22)
3. We have which is the estimate described in Eq. (16).

Besides, a consequence of the above estimate is that

. 1, _
vueV,  Jim | Fyu—ulm =0 17 ull2 < Clufl

In particular, for allu eV, lllinéd(u,Vh) =0. Back to Eq. (21), we have
—
fl ’ o Uir] — Ui
Remark 5.6 The estimate (19) cannot be improved even (A @) = hi
if u is more regular. Besides FEq. (16)—(19) can be gath- 1] s
ered in the following estimate: for all m € {0,1}, for all T ~/xi u'(1)dt

uc H™(Q),

IN

([ Wl a)
J— u ,
Hjhlu_uHLz—i_h’fhlu_M’Hl SChm+1|M|Hm+1. (20) h% Xi

1
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by the Cauchy-Schwarz inequality, hence
Xit1 Xit1
[ e [T o o
JXi JXi

Thus we have [|(Z,u)' || 2 < ||u/[| 2, ie. |l ul, < |ulg.
Thus we obtain

| T u— )y < | I uly + lulgn < 2Julg

which is the estimate described in Eq. (17).

Remark 5.7 The estimate proves that if u € V, then
SFlu weakly converges to u in H'(Q) when h — 0. As
{#tu} is bounded in H'(Q), there is a subsequence {hy}
such that h, — 0 and {fhlnu} weakly converges to some u*
in H'(Q). By Eq. (22) the strong limit of fhlnu in L?* is u.
By uniqueness of the limit in the sense of distributions,
we conclude that the weak limit in H' of this sequence
s also u, hence u* = u. By uniqueness of the adherent
value (or closure point), the whole sequence fhlu weakly
converges to u in H', see Theorem 4.2. In fact we will
prove below that fhlu strongly converges to u in H'.

Step 2. Derivation of estimates (18) and (19). By
Eq. (21),
Uir1 — Ui

o u'(x).

(S u) (x) =i (x) =
Using Taylor’s formula, we have

u(x) + (xi = x)u' (x) + Ri(x),
u(x) + (xip1 —x)u' (x) + Rig1 (),

ui =
Uiy1 =

with

1t " 2
Rix) = E/ (1= )" (x4 1 (x — %)) (x; — x)2dr.
0
We obtain the following estimates:

= We write (x) = Zlu(x) —
(i — u(x)) (xi1 = %) + (i1 — u(x)) (x —xi)

()= -
— ()= x)

u(x) as:

(i — ) (%) (et — ) + (i
hi

=0

Ri(x) (Xig1 — X) + Ri1 (%) (x — xi)

h;

hence, by Jensen’s inequality®,

}jhl “(x)|
Rzz(x) (i1 —x) +RE (1) (x —x)

< I

< R} (x) +RZ, (x).

+

2

6By convexity of x — x?, we have, for 7 € [0,1],

(a(1—1)+b7)* < (1-1)d® + Tb°.

We deduce
xl+l >
/ —u\ / R+/ R7.,  (23)
Let us now estimate f Yit1 R2. First we have
2 1 ! " 2 4
|R; (x)] SE/O |u” (x+1(x; —x))|” (s —x)*dr
LR
< [ W @)
h3 Xit1 112
<M,

which yields

X 4 rx;
/ IHR.Z < h_l i+1 ‘u”|2
— 3

Xi l 2 Xi

ans the same estimate for R,y ;. Putting this in-

equality into Eq. (23), we get

/:’H ‘fhlu_”’2 Sh?/:i“ ’u//‘z.
b 1

which provides Eq. (18) by summation over i.

= We write (xx) := (Slu)' (x) —u'(x) as:

Ri1(x) — Ri(x)
h; ’

(**) _ Ujr1 — Ui

2 —u'(x) =

and then, by (24),

‘(fhlu), X

—~
~—

\ dt+h/ ’(t)\zdt.
Thus,

Xit1 Xi+1
/+ |(fh1u)/—u’|2§hi2/ o)
Xi Xi

which provides Eq. (19) by summation over i.

\zdt,

Step3. Convergence in H!. By density of H*(Q)
in H'(Q), the proof may be concluded. For every u €
H'(Q), and any n > 1, there exists Uy € C°(Q) such
that

1
[l —u wllz2 < Vn > 1.

Since fhl is a linear mapping, and using the uniform
estimate (17), we have for any n > 1 and any & >0

C

H(fhlu) (fh ) ||L2 < C||” —” HL2 < Py
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where C does not depend on A. By the triangle inequality,
and (19), it comes

= (e < ol =y 2+ = (F )
(I w) — (T || 2
< SHChlugyl -

It follows that, for any n > 1,

S1a

limsup ||u’ — (Flu)||,2 <
h—0

Letting n — oo, we conclude that

limsup||u’ — (S u)'[| ;2 <0,
h—0

which proves the claim. |

From the reference element K to element K;.

The previous analysis is done on each cell K; sepa-
rately and then global estimates are obtained by summa-
tion over all the cells. In view of the generalisation of the
analysis to higher dimensions and more general approx-
imation spaces, it is interesting to rewrite the previous
analysis by means of changes of variable that transform
each element K; into a single reference element K. In
this strategy, we only need to analyse the interpolation
properties on the reference element, and to analyse the
properties of the change of variables.

The advantages are twofold: 1) computations are eas-
ier and 2) the method applies for higher order finite ele-
ments in higher dimension!

Let us give the main idea of the process in the case of
the P! finite element in 1D that we just analysed before.
We consider the unit interval K = [0,1] as a reference
element and we denote by fol the Lagrange interpola-
tion operator of degree 1 on this interval with the nodes
{0,1}. If we assume that there exists C > 0 such that

weH' (K), |7y —vlpzg) <CWugy, (25
e HY(R), ‘folv—v’Hl(K)§C|v|H1(k), (26)
weH R), 79v—vlz@) < ClVpgy.  (27)

(K) (28)

|20y =] &) < ClVlegy 28

then we can deduce immediately the results stated in
Theorem 5.5. Indeed, for i € {0,...,N} we recall the no-
tation K; = [x;,x;11] and we introduce the affine mapping
that transforms any cell K; to the unit cell K = [0,1]:

Definition 5.8 (Affine mapping 7;) We introduce the
affine change of variables
T, © K — Ki
t = (1=1)x+1txigg.

Straightforward computations lead to the following
properties:

Proposition 5.9 (Properties of T;) For any function
¢ € H'(K)),
0Tz, = =10z 10 Tliry = Vsl
Moreover we have
(Flu)oTy = I3 (uoTy). (29)
Now let us derive the estimates:
= We apply Eq. (25) to ¢ =uoT; and use (29):
H(fhlu) oli—uo TiHLZ(IZ) <Cluo Ti|H1(1€) )
then with the change of variables
Hfhlu - “||L2(K,~) < Ch; |“|H1(K,-) )
By summation over i, we get the estimate (16).

= The other proofs can be adapted in a similar way
to derive estimates (17), (19) and (18).

As a conclusion, the estimate of the interpolation error
over a fixed interval K allows us to derive the local esti-
mate over the elements of the mesh.

Example of P! approximation of an elliptic prob-
lem in 1D. Consider Q =]0, 1] and

(W) +au = f,
u = 0,

in Q,
on {0,1},

with o >0, f € L*(Q), # € L*(Q) and inf(#") > 0. The

corresponding variational formulation writes
Find u € V such that

a(u,v) =L(v),
forallveV,

(P)
with V = H}(Q) and
1 1
a(u,v):/ %u’v’—l—a/ uv,
0 0

L(v) = /0 '

Problem (P) admits a unique solution by the Lax-Milgram
theorem. The Galerkin approximation of the elliptic ab-
stract problem consists in solving the following problem

Find uy, € Vj 0 such that
a(up,v) = L(vy),
for all v, € Vj 0.

(Pr)

Problem (P;) admits a unique solution u; by the Lax-
Milgram theorem. By Theorem 5.5 we have d(u,Vj ) <
|u— Fully — 0 as h — 0. Combined with Céa’s lemma,
see Lemma 4.1, we deduce the convergence of u;, towards
u without any additional assumption. Moreover, we can
estimate the error as follows.
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Theorem 5.10 (P! error estimate) Assume that the
solution of (P) is regular, i.e. u € H*(Q), then

=l < L0
[0

In some cases the elliptic problem has some regular-
ity properties which imply that, if the source term is L2
then the solution is H?. In the current case this prop-
erty holds if A is sufficiently regular (Lipschitz continu-
ity is enough) and we get the elliptic regularity property:
there exists C > 0 such that the unique solution of the
variational problem belongs to H*(Q) and satisfies

ull 20y < Cll Il 2 (-

The error estimate becomes:

[lu—unllvy < Chllfl12(q)-

Let us discuss the derivation of estimates in a weaker
norm (e.g. in L?(Q)). In order to derive a new estimate,
we need to assume furthermore that the adjoint problem”
satisfies a so called elliptic reqularity property: there ex-
ists C > 0 such that for all v € L?(Q) the unique function
¢, € V such that

alw,¢y) = (vw)2, YwevV

satisfies

¢, € H*(Q), 19l 2 () < ClIVIl2(0)-

In our example this property is clearly satisfied be-
cause the adjoint problem is identical to the initial one
by symmetry of the bilinear form a.

Theorem 5.11 (Aubin-Nitsche) Assume that the ad-
joint problem of (P) satisfies the elliptic reqularity prop-
erty. Then the solution u of (P) and its P! finite element
approzimation uy satisfy

[l = unll 2 < Chllu— up| 1
In particular, if u € H*(Q), Theorem 5.10 leads to
([t — ]| 2 SCh2|”|H2-

Proof of Theorem 5.11. Denote e, =u—uy, € V. Tak-
ing v=w = ¢;, in the adjoint problem, we get

2
||ehHL2(Q) = a(ehv‘Peh)-
As the error ey, := u —uy, is a—orthogonal to Vj,, we have
a(eh7¢eh - ']hl¢eh)
lallllenllv 1| ge, — 25 e, Il

Chllen||v|@e, | 2
Chllenllv llenll2(q),

”ehHiz(Q)

INIAIA

7This means that the unknown is now the second variable of
the bilinear form a and the test function is the first variable of a.

hence the result. [ |

Actually the above result is somehow general and not
particular to P! approximation.

Practical aspects related to the computation of
the approximate solution.

Exercise 11 Let {¢;}i—1_.n be a basis for V,o. Prove
that (Py) is equivalent to a linear system (to be deter-
mined): find U € RN such that A-U = b, where A €
%NXN(R) and b € RN.

A function u; € V,o takes the form u; = Zf\lzluigb[,
since the degrees of freedom corresponding to boundary
nodes are 0. Hence, this solution is completely deter-
mined by U := (u;)i=1,..n. The variational formulation
then takes the form A-U = b with

A= (a(9,9)h<ijen, b= (L(§i))<i<n-

In our example, matrix A splits into A" 4 oA

1 1

Aij= | Hoi+a | ¢:¢;
0 Jo

—_—— ——

A A"
where A") is the so-called rigidity matrix whereas A(™)
is the so-called mass matrix. In the case of the P! finite
element, integrals are zero as soon as |i — j| > 1 because
the supports of ¢; and ¢; are disjoint in that case. Thus
the remaining computations are the following ones:

A0 = Ly
ii—1 hl'2,1 i )
() - 1 Xi W 1 /xi+1
P = 5 +— K,
Lt hjzfl JXji—1 hlz JX;
(r) B 1 Xit1
A = 7 /x s
i i
my [N _higy
il = L, 9i-10i = —¢
Ap = [Me= it
1,0 i i 2 ’
( ) . Xit+1 . :
Ai;'n+1 - Sy ¢i ¢i+1 = EI

with suitable adaptations for i=1 and i = N.

Proposition 5.12 The matrix A is tridiagonal, sym-
metric and positive-definite. Moreover it satisfies the
discrete mazimum principle

A >0.

Proof of Proposition 5.12. The first part follows from

8A Gram matrix G of a set of vectors (vi,...,v,) in an inner
product space is the self-adjoint matrix of inner products, whose
entries are given by Gjj = (v;,v;). A Gram matrix is positive semi-
definite.
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some scalar product. The discrete maximum principle
consists in showing that A is a M-matrix®. |

In practical computations, integrals are numerically
computed with quadrature formula. This may induce
additional work in order to guarantee that this process
does not induce a loss of precision.

5.2 Finite elements in 1D: P? finite element

Approximation space P? in 1D. Assume that the so-
lution of a problem is much more regular (e.g of class
C*) than it is expected from the variational formulation
of the problem. The P! finite element method does not
allow us to get a better precision: indeed the precision
of the interpolation operator which is associated to the
approximation space does not increase when increasing
the regularity of the interpolated function. In order to
take advantage from the regularity of the solution (with-
out modifying the mesh) it is necessary to adapt the
approximation space. Instead of considering piecewise
affine functions, we now consider piecewise quadratic

functions.
Using the same notations as before, we introduce the
center of the elements Xip1 = xﬁ#, for i=0,...,N. Let

us now consider the set of piecewise quadratic functions:
Vi ={ueV, ug € P},
where P? is the set of polynomials of degree 2.
Lemma 5.15 The space V), writes
Vi ={ueccQ), Uk, € P2},
and, moreover, the mapping
D:us (u(xo),u(x%),u(xl),u(x%), ...,u(xNJr%),u(xNH))

is an isomorphism from V, onto R?N*3.
dim(V,) =2N+3.

In particular

Proof of Lemma 5.15. The injectivity of ® comes
from the fact that a polynomial of degree 2 with three
distinct roots is necessary zero. Surjectivity of ® emerges

9We recall the definition:

Definition 5.13 A so-called M-matriz which satisfies the follow-
ing conditions:
= it is a Z-matriz, i.e. off-diagonal entries are less than or
equal to zero;

= the real part of the eigenvalues are positive.
Besides we recall the following property

Proposition 5.14 The following are equivalent:
= A is a non-singular M-matriz;

» A is inverse-positive. That is, A~ exists and A~' > 0.

from the existence of a Lagrange interpolation polyno-
mial on each K;. [ |

@Although the degree of the polynomials has been
increased, we do not build a conforming approximation
space for H? since the continuity of the derivatives at
the interfaces would be required.

Each of the coordinates functions of @ is a linear
form on Vj, which is called degree of freedom. They all
consist in evaluating the function at some point, which
leads to the Lagrange terminology. The definition of the
shape functions for the P? finite element follows the same
rule as for the P! finite element, up to the dimension
modifications.

The shape functions (¢;); and (¢, 1 )i are defined by

di(x;) = &, Vje{0,..,.N+1},
9ilx; 1) = 0, Vje{0,..N},
9.1 (%)) 0, Vje{0,.,N+1},
¢I+%(xj+%) 6j, VjeA{0,..,N},

see Figure 4. Thus
= the support of ¢; is K;—1 UKj;

= the support of ¢i+% is K;.

Definition 5.16 (Interpolation operator .#?) The in-
terpolation operator fhz from V onto V), is defined as

N+1 N
Siu(x) = ;) u(xi) §i(x) + ;)u(m% )91 (%),

for allueV, for all x € Q.

Let us notice that if u € H}(Q), then #2u € H}(Q)
and thus V,NH] (Q) is a conforming approximation space
for Hj(Q). As before, .#? is a continuous projection of
H'(Q) into itself and we can derive the following inter-
polation properties:

Theorem 5.17 (Properties of .#?) There exists C >
0 such that, for all m € {0,1,2}, for all u € H"'(Q),

177 = ull 2+ k|- T = u] < CH" Y Jul e

Remark 5.18 Notice that if u € H*(Q) the interpola-
tion result does not provide a better estimate than P!
finite elements. The use of such element should be moti-
vated by the construction of an approximate solution for
a solution which belongs to H(Q).

Proof of Theorem 5.17. The proof is similar to the
proof of Theorem 5.5. We can also use the technique
of the change of variables by reducing the study to the
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Figure 4. P? finite element in 1D: shape functions ¢i7%, ¢; and ¢i+%.

--- The original function
—— P2 interpolant on 6 elements
— P! interpolant on 6 elements

—— P? interpolant on 3 elements

Figure 5. A smooth function (dashed line) and different kind of interpolations.
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interpolation properties of the operator on the unit do-
main [0, 1]. |

Example of P? approximation of an elliptic prob-
lem in 1D. Considering the P? approximation space as
Vi and V0 =V, ﬁH& (Q). We obtain the convergence in
the general case because d(u,Vj o) — 0 as h — 0 for all
ucV.

Theorem 5.19 (P? error estimate) Assume that the
solution u € V of the problem belongs to H3(Q). Then
we have

Ch? |"‘|H3(Q) )

([ — || g1 ()
Ch3 |M|H3(Q) .

<
lu—unll2@) <

Proof of Theorem 5.19. The first property follows
from the above analysis whereas the second property
follows from the Aubin-Nitsche trick, see the proof of
Theorem 5.11. |

We illustrate the differences between various interpo-
lations of a same function in Figure 5.
Practical aspects related to the computation of
the approximate solution. In practice the number-
ing of the unknowns is done continuously between 1 and
2N +1 (we recall that xo and xy;; are not taken into
account because of the boundary conditions). More pre-
cisely, any k € {1,...,2N+ 1} can be written as k = 2i+ p,
with p € {0,...,N} and p € {0,1}. We will denote k=i, p].
The numbering of the basic functions writes:

o o ¢i7 if pP= 07

Vi = Viip) = 91 ifp=1
In the same way the numbering of the unknowns Uy
related to the coordinates of the solution u; in the basis

{y;} follows the same rule.
Let us consider the matrix A = (ag ;) with

ak,zza(llfzallfk):/g‘llecll’z/-
s If k =[i,0] the support of y; is K;_1 UK;. As a

consequence the only coefficients / for which ay,
may be non-zero are:

o for I=k=1i,0],
Xit1 2
ak7k:/ ‘¢l/| )
Xi—1
o forl=k+1=1[i1],
/Xi+1 ¢/¢/
a = 1) M.
kok+1 90y
o forl=k+2=1[i+1,0],

Xit1 o
Ak k+2 = o; ¢i+1 )
Xi

o fori=k—1=[i—1,1],

i I !
Ap—1 = / 00 1,
Xi—1 2

i

o for I=k—2=1[i—1,0],

i 1PN
Al k-2 0;i1-
J X1

= If k= [i,1] the support of y; is K;. As a conse-

quence the only coeflicients / for which ay may be
non-zero are:

o for [ =k=1[i1],

Xit+1
A e = /
Xj

o forl=k+1=[i+1,0],

2
)

!
9 3

Xit1 , ,
Ak k+1 = /x ¢i+%¢i+1’

i

o for I=k—1=1i,0],
. Xit1 ' /
Apje—1 = /Xi 910

Thus the matrix A is pentadiagonal. The linear sys-
tem to solve is more complicated than with the P! ap-
proximation. The matrix is symmetric positive-definite
but it is not an M-matrix and the discrete maximum
principle is not satisfied anymore.

5.3 P* finite element in dimension d > 1
Meshes. We assume that Q is a bounded, connected,
polygonal in 2D or polyhedral in 3D.

Proposition 5.20 Let . be a polygonal mesh, i.e. a
set of polygonal/polyhedral cells (K)xes such that
Q = UgesK, KNL=0, if K+L.

Let m € N\ {0} and u a function defined on Q. The
following properties are equivalent:

= uc H"(Q);

» ForallK €7, ug € H"(K) and, for all K # L such
that the codimension of KNL is 1, then the trace of
0%k and the trace of d%u);, coincide on JKNJL,
for any |a] <m—1.

If the properties hold, then for all |a| < m,

10%ull 20y = Y. 110%ukllr2x):
KeT
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Figure 6. Admissible mesh and non-admissible mesh.
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This result explains how it is possible to design fi-
nite element spaces that are H”—conforming when the
dimension is greater than 1. We take piecewise regular
functions with additional constraint: the jumps of u and
its derivatives at the interfaces of the mesh have to be
zero. Then the geometrical conformity of the mesh is
essential: indeed in Figure 6 the atypical node in the
non-admissible mesh cannot be associated to a degree
of freedom of the approximation space: if we consider
a P! approximation, then the value of the approximate
solution in this particular node is related to the values
at the vertices of triangle Tg.

We will now consider a mesh of Q made of simplices,
i.e. the convex hulls of d+ 1 points that do not belong
to an hyperplane. Roughly speaking they are triangles
in 2D, tetrahedra in 3D etc.

Simplicial finite element. The P simplicial La-
grange element. As it has been previously outlined,
the finite element may be defined on a reference element.
All the geometrical quantities of the mesh and the ap-
proximation space are based upon this object.

Let us denote K the unit simplex:

I%:{xeRd, (Vi, x; > 0), ingl}.
i

Proposition 5.21 (Affine mapping Tx) Any simplex
K = conv(ap, ...,aq) of the mesh is the image of K by an
affine mapping Tx : K — K of the form

TK()E) =ag+ Bgx

where the ith column of Bk is defined as the coordinates
of ai —ag in the canonical basis of RY. We have the
following properties:

- |det(Bx)| = d! K|,
hi

o [|Bgla < —,
Pg

hs
o Bt < K.
I8¢l < 24

Here hg and hy denote the diameters of K and K respec-
tively whereas px and pg denote the diameters of the
incircles of K and K respectively.

Proof of Proposition 5.21. Let us prove the estimates
on Bk. Using a change of variables,

|K|:/ 1dx=/1|det(BK)|dx=|det(BK)|yk,
K K

where the volume of the reference simplex is given by
|K| =1/d!. By definition of |||, we have

Bk - %
1Bxllo= sup 1B
Ifl=pz P&

This supremum is attained (by a finite dimension argu-
ment): thus there exists 4,b € K such that ||a—b|| = pg
and

1Bk (a—Db)|| = Tk (a) — Tk ()| < h«,

hence the result. The last inequality is obtained by ex-
changing the roles of K and K. |

Theorem 5.22 Letv:K — R. Then v e H"(K) if, and
only if, ¥ =voTx € H"(K). Moreover for any 0 <k <m
we have 1
K2
|V|Hk(K) <C— |V|H’<(12) ’
Pk
k

D] (& <c% V] () -
(K) |K|% (K)

Remark 5.23 Let us recall that for k=0, H* = L? and
o = 11+ [].2-

Proof of Theorem 5.22. Let us prove the theorem for
m =1 (the general case readily adapts).

= Case k=0. By using the change of variables
= [ vl as

[ 90 [dex(Br) |t
i 112
|K| ”V”LZ([Q)'

2
W12

» Case k=1. We have

Vi = BY(Vv) o Ty = BL Vv,

hence
R hZ o hZ
IVVIIT k) < S IVVIE2 ) = —mo= IVV I F2 -
L2(R) plz2 L2(R) p12(|K| L2(K)

The other inequality is obtained by exchanging the roles
of K and K. |

Proposition 5.24 (Local simplicial Lagrange f.e.)
We consider £ C K the set of points defined as

I I
<E1,..., f) . Y(I,....0y) € Nd, L+.+1;<k

k+d)!

Then 2| = Cf,, = &t
We denote (d;),<j<|z| the elements of this set. Then
the mapping p € Pk — (P(@j)i<j<z € R is an isomor-

phism (in particular P* and T have the same cardinality).

= the triplet (K,PK,X) is the so-called P* simplicial
Lagrange finite element.
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n the set (d;); is the set of nodes of this finite element
and the linear form v € CO(K) — v(a;) is denoted
the degree of freedom associated to a;.

» For all 1 <i < |¥| there exists a unique function
6; € P* such that
Gi(ﬁj) = 5,'j, Vi<j< |Z|

These functions are the so-called local shape func-
tions.

Example. In 1D, the nodes of the P* finite elements are
described in Figure 8:

s PO finite element: the node is the center of mass
of K (this element will be discussed later).

= P! finite element: the nodes are the vertices of K.
Figure 7 a) presents the degrees of freedom along
with the local shape functions in this case.

» P? finite element: the nodes are the vertices and
the center of K. Figure 7 b) presents the degrees
of freedom along with the local shape functions in
this case.

O

Example. In 2D, the nodes of the P* finite elements are
described in Figure 8:

= PO finite element: the node is the center of mass
of K (this element will be discussed later).

= P! finite element: the nodes are the vertices of K.

s P2 finite element: the nodes are the vertices and
the center of the edges of K.

» P3 finite element: the nodes are the vertices, the
center of mass and the points located at 1/3 and
2/3 in each edge of K.

O

Example. In 3D, the nodes of the P* finite elements are
described in Figure 9:

= P! finite element: the nodes are the vertices of K.

s P2 finite element: the nodes are the vertices and
the center of the edges of K.

Definition 5.25 (Simplicial conforming mesh) Let
T be a mesh made of simplicial elements K. We say that
T is geometrically conforming if, and only if, for any
distinct elements K and L, & = KNL satisifes one of the
following properties:

= either dim(F) <d—2 (note that F may be empty);
= or F is face for K and a face for L.

Proposition 5.26 (Global simplicial Lagrange f.e.)
Let T be a simplicial conforming mesh of Q.

» The set of discretization nodes is denoted ¥, =
UgXg = UKTK(Z).

» We call P* approzimation space on the mesh T
the space

Vii={veC’Q), VK€ 7, vg e P'}.

= For any a € Xy, there exists a unique function in Vj,
denoted ¢, such that

0,(b)=0, VbeX,\{a}.

These functions are the so-called global shape func-
tions of the approximation space. They form a ba-
sis for V.

= For any a € ¥, the mapping v € C°(Q) — v(a) is a
continuous linear form which is called a degree of
freedom associated to node a.

The space V), satisfies
Vi={veH'(Q), VK € 7, vx €P'}.

Moreover the link between the local and global shape
functions is given by:

Proposition-Definition 5.27 (Shape functions) Let
a€ LetacX, and let K € F such that a € K.

» There exists a unique J(a,K) € {1,...,|E|} such that
a=Tk(4qx)) (we say that J(a,K) is the local in-
dex of node a in the element K ).

= We have
(9a) ik © Tk = Oy(ak)>

Remark 5.28 The function 6;,k) ts the local shape
function associated to the node J(a,K) in K.

Local interpolation operator. Global interpola-

tion operator.
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P! element P? element

PO reference element P! reference element

P2 reference element P3 reference element

T ap ar as dy
Figure 8. Nodes of the P* finite elements in 2D
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P! reference element

Figure 9. Nodes of the P* finite elements in 3D

Definition 5.29 (Local interpolation operator) We
define the local interpolation operator

7y

with

f({‘ﬁ is the unique polynomial in PX which coincides with
v on the nodes of the reference element.

= The restriction of f,{‘v to a face F of the mesh only
depends on the degrees of freedom associated to
the nodes of face F. If the values of these degrees
of freedom are zero, then (ﬂhkv)‘p =0. Thus the
proof is concluded by taking F C dQ.

|
The interpolation operators have a major drawback:
they apply to continuous functions only. But functions

in H'(Q) are not necessarily continuous in dimension d >
2. Nevertheless for d =2 or d = 3, H*(Q) is embedded in

Definition 5.30 (Global interpolation operator) We the space of continuous functions so that these operators

define the global interpolation operator
v — fhkv
with

Tyv(x) =), v(a)ga(x).

acyy

f/{‘v is the unique function in Vj, which coincides with v
on the nodes of the discretization.

The operators are linked by the following formula:

Lemma 5.31
» For any K € 7,
(ﬂ/{c\/)‘KOTK = fok(VOTK).
= I[fveC’(Q), v=0 on 9Q, then Zlv=0 on IQ.
In particular fhl is an interpolation operator that
maps HY (Q)NCY(Q) into Vo =V, NH} (Q).
Proof of Lemma 5.31.

= Notice that (Ffv)xoTx and Ff(voTx) are two
elements of P¥ which coincide on the nodes of the
reference element. By uniqueness of the Lagrange
interpolation polynomial, the property is proved.

may be used.

Analysis of the interpolation error. Let us start
with two general tools.

Lemma 5.32 (Deny-Lions) LetU a bounded Lipschitz
domain of R? and k € N. We denote P* the set of poly-
nomials of degree k on U. There exists a constant C > 0
such that

Vuer+1(Q), inf ||M—7r||Hk+l(U) SC|M|H/€+1(U)-
nePk

Proof of Lemma 5.32. For any multi-index o € N¢
such that |a| <k, we denote f the linear form defined
on H1(U) as

falv)= /U 2%.

The dimension of the set of such multi-indices is exactly
the dimension of P*.

= We first prove that the linear mapping

F:meP* o (fol(m))g € R™ED) (30)
is bijective. Using the dimension argument, we
just have to prove that it is injective. Assume
that a non-zero polynomial w € P is such that
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(fa (7)) @<k = 0. We can find a non-zero mono-
mial with maximal index in 7. But then d%x is a
non-zero constant and [;; d*m cannot be zero...

= Let us prove that there exists C > 0 such that, for
all u € H'1(Q),

el s ) §C<|M|Hk+l(u)+ Y |fa(’4)|>- (31)

o<k

Assume that the property is false. Then there ex-
ists a sequence {u,} of elements in H**!(U) such
that

||”n||Hk+1(U) =1, (32)

S|

lunl iy + Y altn) < = (33)

o <k

By Eq. (32) we can extract a sequence (ug(y))n

which weakly converges in H**!(U) to a function
u. Moreover by compactness, (u¢(n>)n strongly con-

verges to u in H*(U) (see the Rellich-Kondrachov
theorem). By Eq. (33) all the derivatives of order
k+1of (ug(y))n tend to 0. This proves that the par-
tial derivatives of u of order k+ 1 are zero, so that
u € PX. Moreover passing to the limit in fy (u¢(,,)),
we get: fo(u) =0 for all |a| < k. From the first
item, we deduce that u =0.

Since Eq. (32) leads to [|ug(y)[| () — 1, by strong
convergence we have [|u|yx) =1 which contra-
dicts the property u = 0.

» Let u € H**'(U). As the map F defined in (30) is
surjective there exists & € P* such that

V|| <k, folu—7)=0.

Then we obtain
;gng”_nHHktl(U)
< = 7l g )
<C| =Ty + Y, [falu—17)|
lot| <k

= C|M— ﬁ|Hk+1(U) = C|“|H"“(U) .

Lemma 5.33 (Bramble-Hilbert) Let U be a bounded
Lipschitz domain of R?, k €N and ® a continuous linear
operator from Hk“(U) onto some normed vector space
E. If®=0 on P* then there exists C >0 such that

Vue HH (), ||®ullr < Clulgi g -

Proof of Lemma 5.33. For all u € H**!(U) and for all
7 € P¥, we have

[Pulle = [|P(u— )|z < D[ [|u— 7| grr ) -

Taking the infimum over 7 and using the Deny-Lions
Lemma (see Lemma 5.32) we get

[Pulle < Clulgrsi vy -

Definition 5.34 (Regular mesh)
= Let T be a mesh of Q. We define

hx - hx
= —, T = Sup —.
Pk Ke7 Pk

Ok

s A family of meshes (I}), of Q is regular if there
exists a constant C > 0 such that

Vh>0, og <C.
Remark 5.35 The regularity property is equivalent to
the following constraints:

= The volume of each cell is of order h%:

3C>0, Vh>0, VK€ F, |K|>ChS.
» The diameter of the incircle is uniformly bounded

from below by hg:

iC>0, Vh>0, VKe.J,, px>Chk.

We deduce from the last two lemmas the following
interpolation theorem:

Theorem 5.36 (Interpolation operator) Let Q be a
bounded Lipschitz domain of R, ke N. Let 0 < m <k
and we assume that m~+1 > d/2 so that H™ ' (Q) C
Q).

= Local interpolation estimate. For [ <m+1, there
exists C >0 such that, for allK € 7, ¥v € H" 1 (K),

k l +1-1
’V—jh V‘H](K) SCGK}I% |V|Hm+l(K). (34)

= Global interpolation estimate. For [ € {0,1}, there
exists C >0 such that, for all v e H" ' (Q),
’v — f,ﬁ‘v‘

< Corh™ Wy (q)- (35)

H(Q)

Let us recall that for k=0, H* = L% and ||g0 = | - || 12-
Proof of Theorem 5.36.
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= The global estimate, see Eq. (35), is deduced from
local estimates (34) combined with Proposition 5.20,
see page 36. The restriction [ € {0,1} is essential
here because functions in V;, are not in H'(Q) for
[ > 2. But the local estimate holds for I <m+1.

= Let us prove the local estimate for l <m+1. By the
Bramble-Hilbert lemma, as the local interpolation
operator fok is the identity on P¥, then

®:9e H"(K) = v— 5 € H'(K)

is zero on P, Moreover ® is a continuous linear op-
erator (because the embedding H™*!(K) ¢ C°(K)
is continuous). By the Bramble-Hilbert lemma,
there exists C > 0 such that

vo e H™U(K), 0= Il g) < ClOlymei k) -
Now we use Theorem 5.22, see page 38. Let v €
H"™1(K). We define § = vo Tx and we get

1
k IK|? k
|v—fhv|H,(K> < Cpé VOTK—thOTK’HI(k)
1
K2
< C| ll ﬁ—fé‘v s
Pk, H(K)
k|7
< C,—1|V|Hm+l(12)
K
1
< Cl/ %+
= ] |V|Hm+l(1<>
K
S Cllcégh%+lil|V|Hm+l(K>-
[ |

The definition of a regular mesh ensures that the
global interpolation estimate leads to an optimal approx-
imation error estimate, see Eq. (35), i.e. as it is expected
for the approximation space Vj, built upon a regular tri-
angulation. Thus we get the following error estimate.

Theorem 5.37 (P* error estimate) Leta(-,-) be a bi-
linear form on HJ(Q) which is continuous and coercive;
L a continuous linear form on H}(Q). Let (), be a reg-
ular family of simplicial meshes of Q. Let V), be the P*
Lagrange approximation space built upon these meshes
and Vio =Vj ﬁH& (Q). We assume that the unique u €
H}(Q) satisfying

a(u,v)=L(v), YveH}(Q)

belongs to H"1(Q) for some m < k. Denote uy, the solu-
tion of the approzimate problem built upon V,o. There
exists C > 0 which only depends on Q, a(-,-), sup,(c)
such that

[ = unl[ g1 < CH™ [u| g1 ) -

If furthermore the adjoint problem admits an elliptic reg-
ularity property, then

[ — upll 2 < CH™! [t 1) -

Proof of Theorem 5.37. In the case m+1 > d/2,
the theorem is a consequence of the properties of the
Lagrange interpolation operator, see Theorem 5.36 with
I =1. Note that the norms [-|y1q) and |- |[yi(q) are
equivalent since u —uy, € H}(Q).

In the case m+1 < d/2 it is necessary to build other
interpolation operators which overcome the difficulties
related to the continuity argument. Among operators
that have stability and interpolation properties, let us
mention the Clément operator [7] (which fails at preserv-
ing the Dirichlet boundary conditions) and the Scott-
Zhang interpolation operator [16] (which preserves ho-
mogeneous boundary conditions). The construction is
more intricate and is not given here and we refer the
reader to [9] for an overview on this issue. [

5.4 Other classical finite elements

The QF Lagrange finite element. Considering a
mesh of Q which is made of quadrilaterals in 2D, par-
allelepipeds in 3D. What kind of finite elements is it
possible to build?

We cannot hope for a degree of freedom on each ver-
tex of the mesh with piecewise P! functions. Thus it
is necessary to enlarge the space of polynomials that
should be considered:

¢®) = {u= ¥

aeNd,| sup o<k
= P{R)®..0PKR),
which are the polynomials with all partial degrees less
than k. Note that, in 1D, Q* = P¥ for any k.

The Q' element is defined by 4 coefficients in 2D, 8
coefficients in 3D. This corresponds to the number of
vertices for a quadrilateral in 2D, parallelepiped in 3D.
More precisely,

Q'(R?) = span(1,x1,x2,x1x2),

13
Q' (R?) = span(1,x1,x2,x3,XX2,X1X3,X2X3, X1 X2X3 ).

o Q,
agx)" ..x;’

We consider the reference element K = [0, 1]¢ as the unit
cube in R,

Remark 5.38 Notice that the restriction of a function
in QF to an hyperplane parallel to the azes is a function
in PK.

Proposition 5.39 (Q' Lagrange finite element) We
consider £ C K the set of points defined as

L1
(if) V(. g) N, Ve {l,...d}, I; <k
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Then |Z| = (k+1)7.

We denote (d;)<j<|y the elements of this set. Then
the mapping p € Qk = (p(d)))i<j<pz € RIZ is an isomor-
phism (in particular Q% and T have the same cardinal-

ity).

= the triplet (K,QF,X) is the so-called Q% Lagrange
finite element.

n the set (d;); is the set of nodes of this finite element
and the linear form v € CO(K) — v(a;) is denoted
the degree of freedom associated to a;.

s For all 1 <i<|X| there exists a unique function

6, € Q* such that

Gi(ﬁj) = 5,'j, Vi<j< |Z|
These functions are the so-called local shape func-
tions.

Example. In 2D or 3D, the nodes of the Q' finite ele-
ments are described in Figure 10.

O

The notion of regularity of the mesh is slightly mod-
ified: in particular for a quadrilateral, the diameter of
the incircle for a triangle is replaced by

Pk = min(pT1 vazvaprZJ)

where T; denote the four triangles obtained from the four
vertices of the quadrilateral.
Let us consider a mapping Tx : K — K such that

IZ[}-

The mapping Tx cannot be affine, except if K is a paral-
lelogram. In the general case, the mapping is quadratic:
Tx € (Q")4. In particular the Jacobian matrix is not
constant anymore.

Thus the approximation space is defined as

TK(ﬁj) =aj, Vje {1,...

Vi={vec®Q), VK€ .7, voTx c Q'},

which is not equivalent to the condition “vx € QK, for all
K”, except if the cells are parallelograms (in which case
Tk is affine). The interpolation operator is defined as
previously. Moreover under regularity assumptions on
the mesh we obtain the following interpolation result:

Proposition 5.40 For a family of reqular quadrilateral
meshes, there exists a constant C > 0 such that, for all
0<m<k and for all 0 < p <m,

Vv e H"(Q),

v =T vllar@) < Coh™ P! V]gm+1 (0 -

A conforming L? element: the discontinuous ele-
ment P° = Q. We note P = QP the set of constant func-
tions. Then, from a quadrilateral or simplicial mesh, we
can easily build the set of piecewise constant functions:

Vi ={ueLl*(Q), ug, €P°}.

This space is conforming in L?(Q) (but not in H'(Q)).
In the case of regular functions, the degree of free-
dom in a cell is the value of the function at the center of
mass of the cell. It is possible to define the Lagrange in-
terpolation operator fho as done previously!? and then
get suitable estimates. However, for this particular ap-
proximation space, there exists an interpolation operator

which is much simpler and which applies to any function
in L2(Q).

Definition 5.41 For any function v € V, we define a
piecewise constant function /hov whose value on each

cell K is |K| ™" [ v:
7P V. =V,

0, fKV

v = /h Z K

&K

Proposition 5.42 The operator /ho is the L*-orthogonal
projection on Vi,. Moreover (without regularity assump-
tion on the mesh, provided that the cells are convex), for

all 0 <m <1, there exists C > 1 such that

= Zivlli20

This finite element is often used in the discretization
of the pressure in the Stokes problem.

Vv e H™(Q), ) S CH™ [v]gm(q)

6. Finite elements for saddle-point
problems

In the previous section, finite element spaces were
considered for coercive problems. However when consid-
ering non-coercive problems such as saddle-point prob-
lems, it is necessary to ensure the compatibility of the
approximation spaces X;, and M}, in the sense that a
uniform inf-sup inequality has to be satisfied.

As already pointed out, in the finite dimensional
framework, positivity of the inf-sup constant is equiva-
lent to the injectivity of the operator B} : M), — X, (which,

10For instance, in 1D, the space Vj, writes
Vi ={u e L*(Q), uy, € P},
and the mapping

Dy (u(x% ),u(x%),...,u(xN+% )

is an isomorphism from Vj, onto R¥*!. In particular dim(V;,) = N+1.
Then the interpolation operator .#, O from V onto Vj, is defined as

Zu x1+ )

Yuev, WxeQ, Su(
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Figure 10. Nodes of the Q! finite elements: in 2D and 3D.

in the case of the Stokes problem, is nothing but the dis-
crete pressure gradient), and thus to the well-posedness
of the discrete problem. In that case, we can define

Pp= inf [ sup _bUman) > 0.

aneMy \ v,ex, [1Vallx[lqnlla

Thus we need to be able to prove that Bj is injective
on the one hand and that 8, does not go to 0 as h goes
to 0 on the other hand. This last property is called the
inf-sup stability of the numerical method.

6.1 Fortin’s lemma

We often consider conforming approximation spaces
for X and M which satisfy the inf-sup condition. In that
case the validity of a uniform discrete inf-sup condition
is given by the following result:

Lemma 6.1 (Fortin) Let b: X xM — R be a continu-
ous bilinear form and X, C X, M, C M two finite dimen-
sional subspaces. We assume that b satisfies the inf-sup
condition on X X M :

3B >0, inf

su
qeEM P

st )y
vex [vIlxllqllm

Then b satisfies a uniform inf-sup condition on X, x M,
if, and only if, there exists a continuous linear operator
I, : X — X;, and a C > 0, independent of h, such that

< b(v,q)

WweX, |[Mylx <Clvlx

and

Van € My,  b(v,q) = b(I14v,qp).

In the literature, the operator Il is usually called the
Fortin operator.

Proof of Lemma 6.1. Let us proceed in two steps.

Assume that there exists such a continuous linear
operator Iy, : X — X;,. Then, for all g, € M), we
have

b Vsqn b Hhv, qn
Bllgnllae < sup (v244) = su ( )
veX ”[;}Hr}i veX ”VHX
< Csup (v, qn)
vex |1|9HhVHX
< C sup M7
VR E€Xp [|vallx

which states the uniform inf-sup condition for b on
X, X M, with a constant g

Assume that the uniform inf-sup condition is satis-
fied with a constant B. Then there exists a unique
(un,qn) € Xj X My, such that

{(”havh)+b(vhaph) = 0,
b(un,qn) = Glqn),

and (up,q,) continuously depends on G with the
estimate (see Theorem 3.13)

Y, € Xy,
Van € My,

2
lJunlx < EHGHM“

Let v € X. We choose the linear form G as
VgeM, G(q)=b(v,q),

whose norm is bounded by ||b]|||v||x. Then we find
an element u;, € X;, which linearly depends on v,

such that
e < 2120,
B

and
b(up,qn) = b(v,qp), Yan € M.

Thus the operator Iy : v — uy, satisfies the desired
properties.
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6.2 Stokes problem

For the sake of simplicity, we consider only here the
2D case. We review the most classical conforming finite
element for the Stokes problem.

We shall consider the unit square Q =]0, 1[? equipped
with either a uniform rectangular mesh or a uniform
triangular (simplicial) mesh obtained by dividing all the
rectangles into two isometric parts.

The geometry of all the finite elements that we pro-
pose to analyse here is summarized in Figure 11.

6.2.1 The P! —P? element
Consider now the uniform triangle mesh of Q. We
consider the following approximation spaces

Xp = {V € (H(}(Q))zv VK € yv voTk € (Pl)z}a

M, ={veL}(Q), VK€ T, voTx € Py}.

Observe that the degrees of freedom for the velocity field
are exactly the same as for the Q' element. However, the
approximation space Xj, is not the same as before, since
the fields in X; are linear on each triangle whereas the
in the previous section the fields in Xj, were bilinear on
each rectangle.

We also observe that, for a same number of vertices
in the mesh, the number of degrees of freedom for the
pressure is twice the one of the previous section.

Proposition 6.2 (P! —P° is unstable) The P! —P° fi-
nite elements are not inf-sup stable for the Stokes prob-
lem.

Proof of Proposition 6.2. Let us remark that
= there are 2NM elements and thus d(p) = 2NM — 1;

= there are (N4 1)(M+1) nodes, including (N —1)(M —
1) interior nodes, hence d(v) =2(N—1)(M —1).

Then
dp)—d(v) = (@NM-1)—(2(N-1)(M—-1))
= 2(N+M)-3
> 0

As d(p) > d(v) the kernel of B), is not reduced to 0. In
fact, it means that the kernel of B}, is very large! This
choice of approximation spaces is thus far from being
inf-sup stable.

We may prove that the kernel of B, (which contains
the functions with discrete free divergence) is {0}, i.e.
the only velocity field v;, € X;, which is likely to be a
solution of the system is the null function.

By definition, v, € Ker(By,) if

[ divian =0, Vay e M (36)
Q

Since v, is 0 at the boundary, we have by the Stokes
formula (see Proposition 1.26, page 6),

/ div(vy)§=0, VgeR.
Q

Thus Eq. (36) also holds for piecewise constant test func-
tions with non-zero mean values. In practice we thus
have a condition which writes

/div(vh) —0, VKe 7.
K

Since v, € (P')? on each cell K, v, takes the form v, (x,y) =
(a{< + bEx 4 Ky, ak + bXx + cfy) on K, hence div(v,) =
bX + K is a constant. As a consequence v, € Ker(By)
if, and only if, div(v,) =0 in a distribution sense (this
property does not hold for any discretization of the pres-
sure!).

Let us now investigate the consequences on v;. Let
K be a triangle with nodes that are numbered 1, 2 and
3, and let v € (P')? on K, see Figure 12. By the Stokes
formula, the divergence free condition on K writes

26:./6(1)-11):0.

As v is affine, the integral along the edge is equal to the
value of the function at the middle of the edge (weighted
by the length of the edge), which is equal to the half-sum
of the degrees of freedom of the corresponding nodes.
Denoting m; and n; the measure and the outward normal
unit vector of the edge at the opposite of node i, it yields

VitV vi+v3 V2 +v3
m— 'n3+sz'n2+m1 >

np = 0
that is to say

vi - (many 4+ man3) + vy - (myng +msn3)
+v3- (m1n1 —l—}’l’lznz) =0.

Applying the Stokes formula to constant vector fields
in the triangle, we find that the following equality is
satisfied

miny +many +manz =0,

which leads us back to the free divergence equation which
becomes

mivy-ny+movy -np +mszvz-nz = 0.

It means in particular that if vi = v, =0 then v3 and n3
are orthogonal. Thus if K is a triangle with an edge at
the boundary, then only one degree of freedom is at the
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Figure 11. Comparison of various elements for the Stokes problem on a squa
velocity (O) and pressure (w)

)
re domain. Degrees of freedom for
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Figure 12. Notations in a triangle element. Three
degrees of freedom for the velocity field.

interior of the domain: the orientation of the velocity
field at this node is parallel to the boundary; if the same
degree of freedom is the interior node of another trian-
gle with an edge at the boundary, we obtain another
orthogonality condition which proves that the velocity
is zero.

This reasoning applies to structured triangular meshes
and proves the so-called locking effect. |

6.2.2 The Q! —P? element

Here we consider the uniform cartesian mesh. The
cells are thus denoted by K;; with i € {1,...,N} and j €
{1,....M}.

To simplify some computations, we assume that N
and M are even and we set N =2n, M = 2m. The mesh
size in the x direction is denoted by A= 1/N and the one
in the y direction is denoted by k = 1/M. We introduce
the functional spaces

Xy ={ve (H}(Q))* VK € T, voTx € (Q")*},

={veLj(Q), VK€ T, vg P},

The set of degrees of freedom for such discretization
spaces is represented in Figure 11.

This element is the most simple that one can think
of on a Cartesian grid. However, we will show that the
discrete inf-sup condition is not satisfied by this finite
element.

Proposition 6.3 (Q'
nite elements are not inf-sup stable for the Stokes prob-
lem.

Remark 6.4 As it was already pointed out, we consider
the restriction B;l of operator B: M — X' as an operator
from My, onto X]. Then the inf-sup condition states that
this operator should be injective. In particular, the di-
mension of Mj, should be lower than the dimension of
Xy,. Thus, the inf-sup condition is not satisfied if M}, is
too big with respect to Xj,.

Let us denote d(p) (resp. d(v)) the number of degrees
of freedom for the pressure (resp. for the velocity). Let
us remark that

—P0 is unstable) The Q' —P° fi-

= there are NM elements and thus d(p) = NM —1 (as
the mean value of the pressure is zero);

s there are (N+1)(M+1) nodes, including (N—1)(M —
1) interior nodes (that are the only ones to be con-
sidered as velocity degrees of freedom because of the
homogeneous Dirichlet conditions). Hence, since
the wvelocity is a two-dimensional vector field, we

have d(v) =2(N—1)(M —1) in 2D.

Then by the rank theorem, the dimension of the ker-
nel of B}, is at least

d(p) —d(v)

(NM—1)—(2(N=1)(M—1))
—NM +2(N+M)

which is negative (except for coarse meshes). Thus d(p) <
d(v) and considerations on the size of the approzimation
spaces are not sufficient to conclude: the kernel of B}, has
to be investigated in details in order to show that the inf-
sup condition is not satisfied.

Proof of Proposition 6.3. We recall that the operator
Bj, is defined by

B, : M, — X/
pn = Bipy=>b(,pp)

/ div(vy) p

and we aim at proving that Bj, is not injective.
precisely, we shall prove that

iell

VVh EXhu <Bhph7vh X/

More

dim(Ker(B),)) = 1.

The velocity field v is described by its two components
vi=(vD v@). We denote p;; the discrete pressure in
()

each element and v.”, i for j € {1,2}, the components
—2J72

of the discrete velocity at node (i — %,j — %) We can

compute
N M
di = / div(
/ iv(vy) p ;; U(K Vvh))

Each cell has four vertices that we locally number coun-
terclockwise starting from the lower left corner (from 1
to 4). The edges are also numbered:

. 31{151-1) denotes the edge 1 — 2,

1By definition, we have, for all v, € X;,,

(B'Dhsva)xr x
<B"h7Ph>M/>M
b.(vhvph)

jQ diV(Vh) Ph-

(B},pn:v >x/x X,
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. 8Ki(jz) denotes the edge 2 — 3,

. 8Ki(13) denotes the edge 3 — 4,

] 8[(1-(;‘) denotes the edge 4 — 1.

We have

4
div(v :/ v on= /,v-n
/ = [ mn=X [

J

Let us compute the first term:

IR R
VR = 2)
JOK;, X v, (XY %

ij i—

The function vy(-,y; 1 ) is linear on 31{[(1.1) (see Remark
5.38) so that the (exact) trapezoidal rule yields

_ Ml @)
/BK.<.1) ) (v"ij% +vi+zl./'*% ’

1

In the same way the other terms can be computed as

well:
_k(m M
-/3K,~<j2) Vi = +§ ( 1+2jfl v i+ j+3

S—
W/\
3

3

|
N =
N
-<A
=
="
T
l—
_|_
~<,\
=
[N [
<

+
=
N—

As v, =0 on the boundary, by a discrete integration by
parts, we have

b(Vh,ph) = _thv j—

—thul,l -1 xp) 1

2

%Hg &p);_

I\)\'—
D=

I\)

with

_ L (pij
(5xp)i7%j71 ) (

2

—Pi-1j  Pij—1—Pi-1j-1
h + h )’

49
L/ pij—pij-1  Pi1j—Pi-1j-1
(p)iyjy =3 < K k '
Thus, b(vy, py) =0 for all v, € X, if, and only if, §,p =
5)7p = 07 i.e.
Dij = pi-1j-1, Vi, j
pi-1j = Ppij-1, Vi,j.

As pj, € My, the mean value of pj, is zero, hence

Pij = —Pi-1j,Vi, ]

We thus obtain a spurious mode which is highly oscillat-
ing. This so-called checkerboard mode exactly generates
the kernel of B = span(yj,) with

Yh = ZZIKik(_l)Hj'
iJ

One may hope to recover the stability by replacing
M, by the space M, obtained from M, by “removing”
span(y},), but we will see that it is not the case. More
precisely, if we define M, as the orthogonal complement
of span(y;,) in M, then we can prove that X, and M,
satisfy the discrete inf-sup condition but unfortunately
not in a uniform way with respect to A.

Proposition 6.5 Define

My := iy = {pn € My, (pn, W) .2 =0},

where W, denotes the spurious mode of the Q' —P? finite

element. For all h > 0, we have

b
ﬁh = lnt Sup (Vlﬁph)

— >0.
PhEMy v, EX), th”Hl ||ph||L2

Moreover there exists C; >0 and C, > 0 such that
Cih < By < Goh.

Proof of Proposition 6.5. The positivity of 8, follows
from the construction of Mj: the operator

BZ : Mh — X//l
pn = Bpy=>b(,ppn)

is injective by means of construction which, in the finite
dimensional framework, guarantees that f, > 0.

Let us prove the most interesting inequality. For this
we construct a function g, which satisfies suitable prop-

erties:
. — 1 n—1
l+J & L
e (5)-"7)

2n 2m

R

i=1j=




50

Introduccion al método de los elementos finitos

where & denotes the floor function. By means of con-
struction the mean value of ¢, is zero. Moreover,

i—1\ n-1
Jymwn = th@(T)‘ > )
2n i—1 n—1
iy (« () -"5)
2hanZl< —”_1>
~ \P™
p=0

= 0.

As a consequence, g, € Mj,.

= Computation of ||qnll ;2

lanl2g = KT (6 (5H) —5)°
= 2hkMYh (p—15t)
~ Chn?

~ Ch™2

Thus [|gall;2(q) is of order h='ash—0.

= Computation of b(vy,qp). Let us consider an ar-
bitrary v, € X;,. Using the previous notations we
compute 8yg;, and dyq,. On the one hand, 6,q;, =0
On the other hand,

(8,:q1) B .0, if i =2p,
)i} j-4 = 2_(*1]2”', ifi=2p+1.
Then we get
n—12m
bman) = 2}, Zh v2+ -
p= 0/
= 22"02"}1(\)zlpr 2 v2p+%2r7%).
p=0r=1

Hence, by the Cauchy-Schwarz inequality, we get
|b(vi qn)]
n—1 /1
<2y, [“[am(@p+ 1)y
p=0
1
L /ne 2 )
<20 [ X lom(@r+ay)] ) a
p=0

1

1n—1 2
<2h/n (/0 Zo\ayVh((ZPH)h,y)\ dy)
e

As v, € Q) x = dywy(x,y) is piecewise affine and
moreover it is continuous for a.e. y € Q (precisely
for all the y’s that do not belong to the boundary
of the cells). We can then use the following basic
inequality

1
@ +b* < 6/ lax+b(1 —x)|* dx,
0

which readily adapts on an interval of width & as
AP +b2 < / ’a +b 1—5))‘2dx
~h h '

Thus we get

Z M,vh (2p+1)h y

/ ‘avhxy

and finally integrating with respect to y,

1
2/ (410 J3 19,vaPdxdy )
2V /)| Vol 2.

|b(vi,qn)|

IAIA

Thus we obtain, for any v, € X,

[b(vi )|

<C.
Vil

The inf-sup condition implies

bl _ .

Brllgnll;2 < sup <
Vil

vREX),

As [lgnll2(q) is of order h™!, we have B, < Ch.

|

Previous examples shed a light on possible fails when

considering finite element approximations for the Stokes

problem. Let us give an outline of classical stable finite
elements.

6.2.3 The ]P’éfIP’l element

As we have seen before, the main reason for the in-
stability of the Q! — QP or P! —P? approximation is the
fact that the pressure approximation space is too large
in some sense compared to the velocity approximation
space.

That is the reason why the construction of uniformly
stable approximation spaces for the Stokes problem are
often built starting from an unstable discretisation by
using one the two following strategies:

= Either one can add functions (that is degrees of
freedom) in the velocity approximation space. This
induces a higher computational cost.

= Or one can remove functions (that is degrees of
freedom) in the pressure approximation space. This
induces a lower accuracy of the approximation.

The choice of a suitable pair of approximation spaces is
thus a sort of tradeof between stability /accuracy/com-
putational effort.

A very popular element that is based on the first
strategy is the so-called mini-element, also denoted by
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o1

P!— bubble / P! or PL —P!, see [1]. It consists in adding
to the P! — P! element one degree of freedom for each
component of the velocity on the barycenters of the cells.
Let b€ H'(K) denote a function which takes the value 1
at the barycenter of the reference cell K, vanishes on its
boundary dK and satisfies 0 < b < 1. Such a function is
known as a bubble function. Define the space

Bl = {v € (")), voTx € (P' @ span{b})?, VK € 7).

Taking X;, = Pé and Mj, = P!, the inf-sup constant does
not depend on A& which ensures an optimal convergence
rate:

Theorem 6.6 (P\ —P! estimates) Let (), be a reg-
wlar family of meshes which satisfy the geometrical as-
sumption: each element K € 7, has at most one edge
on the boundary of Q. Let X, x My, be the approrima-
tion spaces related to the ]P)llj —P! approzimation. Assume
that the solution (u,p) of the Stokes problem belongs to
(H?*(Q))>x H'(Q). Then we have the following estimate:

=l @)+ 1P = Pall 2@y < C ([lull sy + 1Pl ) -

If furthermore the adjoint problem (which is still the
Stokes problem) has the elliptic regularity property in Q
then

o=l 2y < B (1l ey + 1Pl ) -

The P! —bubble / P! were defined by Arnold, Brezzi
and Fortin (1984), see [1], and its analysis relies on the
Clement interpolation operator which satisfies Fortin’s
lemma, hence the finite element satisfies a uniform inf-
sup condition. The mini-element is the simplest stable
element for the Stokes system.

6.2.4 The P2 —P! (Taylor-Hood) element
We consider a simplicial mesh and the P? — P! ele-
ments:

X, ={ve (C°Q))? VK € .7, voTx € (P,)*} N(HL(Q))?,

M,={veC®(Q), VK e .7, voTx € P} NL3(Q).

We can prove for a quite general simplicial mesh of Q
that the inf-sup constant 8, does not depend on & which
ensures an optimal convergence rate.

Proposition 6.7 (P>~ P! finite elements) Let us as-
sume that each element K €  has at most one edge on
the boundary of Q. The spaces X, and My, satisfy a uni-
form inf-sup condition: the constant B, only depends on
the reqularity of the mesh.

The geometrical assumption on the mesh is not re-
strictive.

Proof of Proposition 6.7. Let g, € M\ {0}. We
aim at proving that there exists C > 0 (which does not
depend on h) and some v, € Xj;, (which may depend on
gn) such that

b(vn,qn)

th”Hl(Q) > CthHLZ(Q)

Step 1. Definition of v;,. For each edge o of the mesh,
we denote T¢ a unit vector of this edge and |o] its length.
The element v, € X, is uniquely determined by defining
its values at the nodes as follows:

s v;(a) =0 if a is a vertex of the mesh;

= vy(a) = —|6*75(Vqy - T5) if a is the middle of an
interior edge o;

= vy(a) =0 if a is the middle of a boundary edge.
Let us note that
= vy, is zero on the boundary;

= the definition of vj(a) is consistent if a is the mid-
dle of an interior edge. Indeed the gradient of g, is
a priori constant on each element and thus it has
no trace defined on the edges. But since gy, is con-
tinuous through the edge, the tangential gradient
of gy, is uniqueley defined on the edge.

We now use the following quadrature formula, which
is valid for the elements in P?: for all & € P2, for all
Ke 7,

L Vde— @)
K s L5 &

where .# (K) denotes the set of the all the middles of the
edges of K and . (K) denotes the set of the vertices of K
(this formula can be proved on the reference element and
then extended to any element with a change of variables).

We thus obtain
- / viVay
Q

- e

;m( )

GEIK\OQ

b(vi,qn) =

| —

6> (Van- ra>2> (37)

Step 2. Estimate of |Vg,|. Let K be a triangle. We
consider an affine function on K and denote u; the value
of the function at the vertices M; of K. We aim at con-
trolling the gradient of u with respect to the terms u; —u;.

For this we can see that the norm of vector pK‘g—Z‘ is px
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(see the definition of pg in Proposition 5.21). Thus there
exists X,Y € K such that

X—y Vu
=Pk V|
We denote {xi}i—123 and {yi}i=123 the (nonnegative!)
barycentric coordinates'? of X and Y in the triangle and
we observe that, since u is affine, we have on the one
hand

u(X)—u(Y)=Vu-(X-Y) = px|Vy|

and, on the other hand,

w(X) —u(Y) =Y xiyj(u(Mi) —u(M))) =Y xiy;(ui —u;).
iJ iJ
By the Jensen inequality,

2
pz|Vu)* < Y jXiyj Lui_”j‘ , ,
< Juy —wo|” + |up — us|” A+ uz —ug|”
Besides, since we have

(luy — 3] + uz — ua])?
2|u3—u1|2+2|u2—u3|2,

|b11—142|2 <
<

the estimate still holds with two terms, up to a constant:
2 2 2
Pz |Vul* <3|uy — un|* + 3 jug — us|”.

Step 3. Bound from below for b(v;,q;). Let us go
back to the estimate of b(vy,qp), see Eq. (37). In the last
term,

|0 (Van-76)* = lan(ac) — an(bo) |

where ag,bs denote the nodes associated to ¢. Thus
each term |6|* (Vgy - T5)? can be expressed as some

|CIh(acr) - ‘Ih(bc)|2 .

Consequently, ag,bg,cx denoting the vertices of K and
assuming that the triangles could have at most one edge

in 0Q,
(x):= Z

cedK\dQ

|G|2 (VCIh'TG)z

can be calculated:

» if KNJQ =0

(*) = lan(ak) — qn(bx) > + lan(bx) — gn(cx)|*

2
+|gn(ck) — qnlax)|
12

i.e. (x1,x2,x3) is the unique triplet satisfying

n x; >0, for all i =1,2,3,
= xp+x4x =1,

» X =x (M +xoM>r +x3M3.

= if [bK,CK] - QQ,
(+) = lan(ax) — qn(bx)I* + lgn(ax) — qn(cx) .
By Step 2, each term ):GeaK\aQ|G|2(th - Tg)? can

be bounded from below by Cpz |Vgn|* so that we get the
estimate:

bvian) > CY IK|pg|Vanl
K
> CY g lanlin k)
K
> CY hilanlin (38)
K

as the mesh is regular.

Step 4. Estimate of ||vy||;1. We choose K € 7 and
¢; a shape function such that

supp(¢i) NK # 0.
By Theorem 5.22, page 38,

1
K|?
il 1 (1) < CP—K

Using the definition of vj, we have

w=— ¥

(1P % (Van- %)) ) drca:
ac.#(K), aco

where I(a) denotes the global numbering of the shape
function associated to a. Combined with Eq. (39) we
obtain

IN

L 2
Y c=lol'|Val
acM (K), aco K

h2 2
1K1 51 [V .

2
|Vh|H1(K)

AN

Thus with the regularity property of the mesh,

2 2
|Vh|1-11(1<) < Ch%(|‘]h|1—11(1()

and then

|Vh|§11(g) < CZh%( |Qh|%-11(1() ‘ (40)
K

Conclusion. Combining Eqgs. (38) and (40), we have

1
2

b(vhaqh)
[vallg1 (o)

>C <Zh%(|Qh|?-11(K)>
K

Now since g, € M), C H'(Q), its mean value is zero, so
that ¢, € H'(Q) and we have

1

2
<Zh%( |%|?11(K)> =lanlm @) =IVanll 20 = Cllanll 2(q)
K
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by the Poincaré-Wirthinger inequality (see Theorem 1.20).

We finally obtain

b(vi,qn)

Toullrcen > Cllgnll2(q)-

Thus the uniform inf-sup condition is proved. |

Theorem 6.8 (P> —P' estimates) Let (.7,);, a reqular
family of meshes which satisfy the geometrical assump-
tion: each element K € 9, has at most one edge on the
boundary of Q. Let X, X My, the approximation spaces re-
lated to the P> —P! approzimation. Assume that the so-
lution (u,p) of the Stokes problem belongs to (H(Q))? x
H?(Q). Then we have the following estimate:

=l @+ 1= il 2y < 8 (Il + NPl )

If furthermore the adjoint problem (which is still the
Stokes problem) has the elliptic regularity property in Q
then

o= wilz2qy < (lullacay + 121y

Proof of Theorem 6.8. The interpolation results for
X, and M, are known: we apply Theorem 5.36, page 42,
with k=2 and m =2 and [ =1 for the velocity, k =1
and m =1 and [ = 0 for the pressure):

3 k 2
W e H3(Q), ’v—fhv‘m(g) < CR? Wl gy

VpeHX(Q), lp—Iiplizg) < CFplug) -

From Lemma 4.7 combined with Lemma 6.7 (uniform
inf-sup condition), we deduce the convergence of the
method.

From Lemma 4.10 (abstract error estimate) we get

YA
— < 14+ — 1+—— |duX
le—upllx < ( + 2 + ﬁ?)' (u,Xp,)
—d(p,M,
+ o (p,Mp),
b
e < 1 (1) (1)
"Nl el el
a
+ (14 20 BP0 g, M),
( ﬁh ﬁh a) (p h)

From these estimates combined with the above global
interpolation estimates, we deduce the error estimate.

The estimate in L>—norm readily adapts from the
Aubin-Nitsche trick. |

7. Problems

We now investigate the main results of the previous
sections by means of numerical simulations. For this pur-
pose we use a finite element solver, FreeFem++, which is
developed and maintained in Université Pierre & Marie
Curie and Laboratoire Jacques-Louis Lions [12]. Before
focusing on mathematical problems, let us briefly intro-
duce FreeFem++.

FreeFem++ is a free software designed to compute the
solution of initial- and boundary-value problems for par-
tial differential equations in 2D or 3D with the finite ele-
ment method. Its principle is based upon the discretiza-
tion of a variational formulation and the computation of
the solution of the resulting linear system. Multi-physics
nonlinear problems can be addressed through iterative
schemes that rely on a linear problem to solve at the
basic level.

The requirements for the user are the following ones:

1. define a domain: boundaries can be defined with
a simple parametrization;

2. define a mesh: the number of nodes on each la-
belled boundary is sufficient, as the software owns
a mesh generator that is able to produce triangu-
lations;

3. define approximation spaces (]P’O, P!, ]P’tl), Pz...);

Remark 7.1 At this point, FreeFem++ defines a
finite element basis which “lives” on the mesh of
the domain.

4. define a variational formulation: this is the most
specific part of the software, as a suitable syntax
is required (note that it is very close to the math-
ematical formulation).

Remark 7.2 At this point, FreeFem++ owns all
the tools leading to the corresponding discretized
problem: the software functionality consists in build-
ing the matriz and the right-hand side vector asso-
ciated to 1) the bilinear / linear form, 2) the finite
element space.

5. choose a linear solver (optional): FreeFem++ owns
different solvers, such as LU, Cholesky, Crout, CG,
GMRES, UMFPack, sparsesolver. Sparse systems
can be solved with sparsesolver, UMFPACK, GM-
RES, whereas full systems can be solved with LU,
Crout, Cholesky. The default choice is sparse-
solver (equivalent to UMFPACK if no sparse solver
is defined) or LU if no sparse solver is available.

= LU is a direct method corresponding to the
LU decomposition method.
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= Crout is a direct method for symmetric sys-
tems, based upon the LU decomposition method,
thus using specific properties due to the sym-
metric property of the matrix.

= Cholesky is a direct method for symmetric
positive-definite systems, based upon the LU
decomposition method, thus using specific prop-
erties the matrix leading to a simple decom-
position.

= CG (conjugate gradient method) is an iter-
ative method for symmetric positive-definite
systems.

= GMRES is an iterative method for sparse sys-
tems (no additional assumption on the struc-
tural properties of the matrix is required). It
is a generalization of the conjugate gradient
method.

= UMFPACK is a direct method for sparse systems
(no additional assumption).

Details (including download, documentation, exam-
ples etc.) can be found on http://wuw.freefem.org/.

7.1 Analysis of the convergence

Problem. Write a FreeFem++ program to solve a Poisson
problem with P! or P? finite elements. Quantify the error
in H' and L? norms with respect to the mesh size. [

Solution. Define u:=xy(1—x)(1—y) and f:=2y(1—y)+
2x(1 —x). It can be checked that the function u is the
unique variational solution in H}(Q) of —Au= f in Q =
]0,1[2. For a fixed mesh, we may compute corresponding
finite element solution u;, and we aim at estimating ||lu—
up|l gy and |ju—upl|2 (note that, for any h, the error
||t — up|| should be computed on a fixed very fine mesh,
not on the coarse one). Assume that the error behaves
as
=il = 6%,

where o is the order of the method in a chosen norm.
Then we have

log([|u — ul|) = atlog(h) +log(C).

As a consequence, ¢ is numerically determined by iden-
tifying the derivative of the linear function

log(h) — log(|ju — uy||) = alog(h) + log(C).

Using different values of {h;}; with corresponding values
of {|lu—uy||}i (to be determined by solving the PDE
problem), a linear regression, or a visual inspection, al-
lows us to identify .

» Let us discuss the P! approximation, see the left-
hand side of Figure 13.

e Numerical results provide the estimate ||u—
up||;n = O(h). This illustrates Theorem 5.10,
as u € H} (Q)NH(Q).

e Numerical results provide the estimate ||u—
up| 2 = O(h?): as (P) satisfies the elliptic reg-
ularity property, the Aubin-Nitsche lemma
applies, see Lemma 5.11.

» Let us discuss now the P? approximation, see the
right-hand side of Figure 13.

e Numerical results provide the estimate ||u—
up||gn = O(h?). This illustrates Theorem 5.19,
as u € H} (Q)NH3(Q).

e Numerical results provide the estimate ||u—
up| 2 = O(h3): as (P) satisfies the elliptic reg-
ularity property, the Aubin-Nitsche lemma
applies, see Lemma 5.11 and Theorem 5.19.

O

7.2 Numerical treatment of the boundary conditions
Problem. Let f=1, a >0 and € > 0. Let us consider
the Laplace-Robin problem:
~Autau = f inQ=]01[
(Pe) 1
Vu-n—i-gu = 0 ondQ.
1. Write the variational formulation of the problem.

Write a FreeFem++ program to solve the problem
with P! or P? finite elements.

2. Discuss the behaviour of the solution of the Robin
problem as € goes to 0.

3. Discuss the behaviour of the solution of the Robin
problem as € goes to co.

O

Solution. Let us introduce the Laplace-Dirichlet and
Laplace-Neumann problems:

(Py) —Autau = f inQ=]0,17,

0 u = 0 ondQ,

(P.) —Aut+ou = f inQ=]0,17,
“ Vu-n = 0 ondQ.

At least formally, we may expect that the solution ug of
(Pe)

= converges to the solution of (Py) when € goes to 0,

= converges to the solution of (Pe) when € goes to
oo,
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P! approximation P2 approximation

r T T T T T L —— .| r T 7]
1072 % M é 1072 % é
F 1 1 B F B
§ M ] I | ——H! error :
10771 E 1072 b | —a 12 error E
T 1074 E $ 1074} slope 2| 1
| F slope 2| 1 | F 1
= 05) 1 =0 :
; ——H! error ; ; ;
106 | —=— L? error E 1077+ E
r ] I slope 3|
107 F o 1077 ¢ .

1072 107! 1072 107!

h h

Figure 13. Problem 7.1 : comparison between the P! and P? approximations

Let us use FreeFem++ as a validation tool for the
above formal asymptotics. In that prospect we need to
define the variational formulation of each problem: it
will allow us to define the suitable functional framework
of our problems and it will be the key for the computa-
tions with FreeFem++.

Actually this is how FreeFem++ imposes Dirichlet
boundary conditions! The software considers all
the nodes as unprescribed (including the boundary
nodes). In order to prescribe u = g at the boundary,
the software considers a Robin condition

1 1
Vu-n+-u=-g,
1. The variational formulations of the problems write: € €
with a very small value for €: this is a so-called

Find u € H'(Q) such that penalty method, as the Dirichlet condition is mim-

(Pe) / Vu-Vv+ o / uv+ — / uy = / v, icked by a penalized Robin condition. This also
for all ve H(Q), explains how FreeFem++ is able to compute the so-
lution of a problem with al non-homogeneous con-
Find u € H}(Q) such that dition u = g, even if g ¢ H2(JQ).
(Po) / Vu-Vv+a / uy = / v, The numerical results are compatible with the fol-
Q Q JQ lowing result:

for all v € H} (Q),

Proposition 7.3 (From Robin to Dirichlet) Let

Find u € H'(Q) such that ug be the variational solution of the Laplace-Robin

/Vu Vv—i—a/uv-/fv

for all ve HY(Q).

Each problem is well-posed (for problem (P), use
the continuity of the trace operator for the math-
ematical treatment of the boundary term in the
bilinear form) and we will denote ug, up and ue
the respective solutions of the problems.

We fix ¢ =1 and f =1 for the computations. We
use a mesh 200 x 200 and, in fact, we compute
the error |jug, —ugpl|1. In the left-hand side of
Figure 14 we observe that, as € goes to 0, ugp
converges to up, in H'(Q) at order 1:

”u&h - uo,hHHl ~ Ce.

problem (Pg) and let uy be the solution of the Laplace-
Dirichlet problem (Py). Then ug converges to ugy in
H'(Q) as € goes to 0.

Assume furthermore that uy € H*(Q).
lue — uo|| 1 converges to 0 at least at order 1/2.

Moreover

Proof of Proposition 7.3.

We first take v =u, as a test function in (Pg) and
we use the Cauchy-Schwarz inequality to deduce
that

2 Oy o] 21 2
Vit Bt g el ot 5 [ e < 5211, Ve >0,

It follows that the family u, is bounded in H'(Q)
and that the traces y(ue) tends to 0 in L*(dQ)
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l|tte h — 1o pl| g1

The limit € — 0 The limit € — oo
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€ €
Figure 14. Problem 7.2. Illustrations of the convergence in the regimes € — 0 and € — oo
as € — 0. As a consequence, there exists a subse- follows
quence ug, that weakly converges towards some u
in H'(Q) and moreover, this limit satisfies yy(u) = ‘/89 Vug-neg
0 that is u € H(Q). 12 1/2
| o < ([ vuonl) (] le’
Taking now a test function v € Hy (Q) in (P¢), the Jog ETo)
boundary term disappears and we can easily pass < f/ Vo - n|2 4 i/ |eg|2
to the limit as k goes to infinity. It follows that ~ 2 Joq 2e Jo ’
u = up, the unique solution of (Py). By Theorem by the Young’s inequality. Using this estimate in
4.2, we obtain that the whole family u, weakly the inequality (41) gives
converges to uy in H'(Q) as € — 0. It remains to )
€
show the strong convergence. ||Veg||i2 + aHeSHiZ + o ”eSHiZ(ag) < EHMOHiIZa

We set e = ug —ug. We test the equation satisfied
by uo by a test function v € H'(Q) and we subtract
the weak formulation of (Pg) to get 3. We fix ¢ =1 and f =1 for the computations. We
use a mesh 50 x 50 and we compute the error ||ug j —
1 uo ||t - In the right-hand side of Figure 14 we ob-
/ Vee-Vv+ a/ esV+ —/ egv serve that, as € goes to +oo, ug j, converges to ue, p,

@ @ &Joo in H'(Q) at order 1:

and the proof is complete. |

=—(Vuo-nv)y1pgip, WE H'(Q).

\[tte 5 — theo pl| g1 =

®l0

Taking v = e, as a test function in this last equa-

tion, we obtain The numerical results are compatible with the fol-
lowing result:

||VeS||iz + O‘”esniz + %”%Hiz(ag) Proposition 7.4 (From Robin to Neumann)
Let ug be the variational solution of the Laplace-
Robin problem (Pg) and let u. be the solution of
the Laplace-Neumann problem (Pw). Then ug con-
verges to the solution u. as € goes to +oo. More-
over |[ug — ue || 1 converges to 0 at least at order 1.

=- <VM0'n7€s>H—l/2’H1/2 . (41)

This last quantity converges to 0 since e, weakly
converges to 0 in H' (Q) and the first claim is proved.

Assume now that ug € H*(Q), which implies in par- .
ticular that Vug-n € L*(dQ), it follows that the Proof of Proposition 7.4. We have

boundary term can be written as an integral in- 1
stead of duality bracket and can be estimated as /QVMS Vv+ Oc/gugv—i— E/ag UeV = /vav
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o7

for all v€ H'(Q). Taking v =u, as a test function,
we get

1
/ﬁvwﬁ+a/}ﬂ+— md%:/f%.
Q Q € JoQ Q
On the one hand,

1 .
/ Vie2 + / W2 s / el > min(1, a0) [ue ||,
Q Q € JoQ

and, on the other hand,

[ fue <Nzl

Thus we obtain the estimate

Remark 7.5 At this stage, we prove that ue weakly
converges to U in H'(Q). Indeed, {ug} is bounded
in H'(Q), {ue} weakly converges, up to a subse-
quence, to some it € H'(Q). Passing to the limit in
the variational formulation (note that y(ug) weakly
converges to y(id) in L*(dQ), by continuity of the
trace operator), we get :

/Vﬁ~Vv+a/ﬁv:/fv,
Ja Jo Jo

for all v e H'(Q). By uniqueness of the solution
of the Laplace-Neumann problem, il = Ue.

Now defining e; = us — U, we use the variational
formulations of the two problems and, by subtrac-
tion,

1
/Veg-Vv—l—Oc/egv—i——/ ugv =0, VVEHI(.Q.).
Q Q € JoQ

Then taking v = e, as a test function, we obtain

1
Ve, 2raf =—- Uges.
€
Q Q € Jaa

On the one hand,

/ Vee? +a / ¢2 > min(1, &) ec||:
JQ JQ

and, on the other hand,

1 C
_E/(m”ses < EH”SHHI lleellq,

where we have used the Cauchy-Schwarz inequality
and the continuity of the trace operator. Combin-
ing the previous inequalities and the estimate on
lug|l 1, see Eq. (42), we get

£ 12

<
leell < min(1, or)2

1
87

which concludes the proof. |

7.3 On a Dirichlet boundary term g ¢ H'/2(0Q)
Problem. Consider the Poisson problem on a unit square
Q =]0,1]?> with a source term f = 1 and Dirichlet bound-
ary conditions: for this purpose, we denote I":=]0, 1[x {0}
and consider the problem

—Au =
u =

where the boundary data is defined as

Mﬂ={é

We recall that g does not belong to H 2 (0Q), see Exer-
cise 1.

Compute the P! finite element solution u;, and dis-
cuss the behaviour of ||up|| ;1 as k goes to 0. O

f in Q,
g ondQ,

ifxerl,
if x € dQ\T.

Solution. Let us define two problems (P1), for i € {0,1}:

. —Au =
(#%{ . ;a

with the corresponding boundary terms:

in Q,
on 0Q,

(0) . 0 ifxerl,
8 “V‘{o if x€9Q\T,
(1 . 0 ifxeTl,
& @%_{1 if x € JQ\T.

We denote uﬁlo) and uﬁll) the corresponding finite element
solutions, see Figures 15 and 16.

Analysis of Problem (P()). The finite element solu-
tion of (P?)) converges to the unique variational solu-
tion ul®) € H}(Q), since f € L*(Q) (actually, f € H™'(Q)
would be sufficient). In our case, the domain being
polygonal and convex, we may even prove that u(®) e
H?(Q). As a consequence, if we use P! finite elements,

uﬁlo) strongly converges to u(®) in H'(Q) at order 1. Fig-

ure 17 illustrates the convergence of HM,SO)HHI to [|ul®|[ ;1.

Analysis of Problem (P(!)). The behaviour of the fi-
nite element solution of (P1)) is quite different: indeed

¢V ¢ H%(8Q) and thus the lift operator cannot be ap-
plied. Actually the discrete linear problem is well-posed

but the finite element solution u,gl)

does not converge to
an element in H'(Q): problem (P(!)) admits no solution
in H'(Q). In particular singularities concentrate at the
corners (0,0) and (0, 1), which means that the gradient

locally explodes, see Figure 16. Figure 17 illustrates the
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divergence of HMEIUHHI, as the limit of u;l)

long to H'(Q).

does not be-

These computations provide an example of the criti-

cal assumptions on the non-homogeneous boundary term:

if g does not belong to H%(BQ) then the lift operator
cannot be used in order to settle a classical variational
formulation in H'(Q), see Section 2.2.

7.4 Compatibility conditions in PDE
Problem. Solve with FreeFem++ the Poisson-Neumann
problem:

~Au = f inQ=]0,1[%
Vu-n = g ondQ.
with f € L2(Q) and g € H2(Q). O

Solution.

Mathematical framework. The mathematical frame-
work and the analysis of the problem are required before
thinking about writing a FreeFem++ solver for this prob-
lem. The mathematical analysis was done in section 2.
In this problem, we recall the two main issues:

= The well-posedness requires the (necessary) com-
patibility condition:

/Qf+<g,1> 1 1=0.

o (43)

= The solution cannot be unique in H'(Q): we may
add any constant to a solution, thus defining an-
other solution. In order to select a unique solution
(thus fixing the constant) we impose

/MZO,
Q

hence dealing with the functional space H'(Q).

(44)

Thus the variational formulation writes

Find u € A'(Q) such that

Vi V=
@ [ vuve=[ s,y
for all ve H'(Q)

which is a well-posed problem under the compatibility
condition of Eq. (43).

How to deal with the constraint in the functional
space? Basically the main idea consists in fixing the
constant which is equivalent to providing some coercivity

to the problem. Instead of solving problem (P), we may
solve a penalized version of the problem:

Find ue € H'(Q) such that

(Pe) /Vug-Vv+£/uev:/fV+<g,V>
Q Q Q
for all ve H'(Q),

3

_1 1
H™2,H2

which is the variational formulation of problem

—Aug+eue = f inQ=]0,17,
Vug-n = g ondQ.

In problem (P¢), the functional framework relies on H'(Q)
(and not A'(Q)) as the mean value of the solution is not
necessarily zero). Note that, under the compatibility
assumption, by taking v=1 as a test function we have

S.Lug:/ngv—i—(g,v)Hf%’H% =0.

Thus the approximate solution u, has also zero mean
value (this property emerges from the compatibility con-
dition, it is not imposed by the functional framework).
We now may prove the following:

Proposition 7.6 (Convergence) Let f € L*(Q) and
g€ H’%(aﬂ). Assume that the compatibility condition
(43) is satisfied. Let ug be the variational solution of the
Laplace-Neumann problem (Pg) and let u be the solution
of the Poisson-Neumann problem (P). Then ue converges
to u as € goes to 0. Moreover ||ug —ul|;1 converges to 0
at least at order 1.

Proof of Proposition 7.6.

Bound for |ug|y1q). We observe that ue € H'(Q) for
each € and we recall that, by the Poincaré-Wirtinger
inequality, see Theorem 1.20, page 5, ||;j1(q) is a norm

on H'(Q). Taking v = u, as a test function in (P¢) yields

||fHL2(Q)H”€||L2(Q)
+Cyllgl, -3 09 el 1 ()

2
|u€|H1(Q) +8||”£H12‘2(Q) <

where we have used the Cauchy-Schwarz inequality and
the continuity of the trace operator. Thus, we have

2
|M€|H1(Q) + 8””?3”22(9)

(A1l 2 () +Crollsll, -1

2
Juel ()

IN A

(ag))”“e”lil(g)

IN

C|“8|H1(Q) )

where C only depends on f, g, 1 and Q. Thus {ug} is
bounded in H!(Q).

Estimate for e; := ug —u. In the variational formula-
tion of problem (P), thanks to the compatibility condi-
tion, test functions can be taken in H'(Q) and not only
H'(Q), see Section 2.2. Thus we have, for all v € H'(Q):

/Vug-Vv + 8/1481) /fv+<g,v> B
Jo Jo Q

/QVu-Vv /ngv+<g,v>H

H

)

Nl
N

H

)

Nl
Nl

H
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R s

(1)
Figure 15. (1) finite element solution ul(lo) and (2) finite element solution uﬁll). In both cases the mesh size is
h=2-10"3 and the solution is computed with P! finite elements.

m : BN
Figure 16. (1) x — ||Vu,(1 )(x)||2 and (2) x— ||Vu,(1 )(x)||2. In both cases the mesh size is 4 =2-10"2 and the solution
is computed with P! finite elements.
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Regular problem P(®)
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Figure 17. Problem 7.3. Influence of the regularity of the boundary data.

and, taking the difference,
/ Veg-Vv—i—s/ uev =0, v e H'(Q).
Q JQ

Note that e, € H'(Q) for each €. Then taking v = e, in
the above equation, we get

= —€[queee
< 8||”£HL2(Q)H€S”L2(Q)
< elluellgiolleelln )

2
leclin @)

by the Cauchy-Schwarz inequality. Then using the bound-
edness of {ug} and the equivalence of |-|41q) and |-

11 (0) on AH'(Q), we obtain
lee|r1(q) < Cé,

where C only depends on f, g, 1 and Q. |

Thus, in practical computations with FreeFem++, we
may solve (Pg) with e.g. &= 107% it is sufficient to
ensure the stability of the computations and Proposition
7.6 guarantees that the penalized solution is close to the
exact solution. But we should be very careful with the
compatibility condition:

w if the compatibility condition is not satisfied, tak-
ing too small values of € in the penalized problem
does not work: as € goes to 0, the limit problem
is ill-posed (recall that the compatibility condition
is a necessary condition for the well-posedness of

(P));

= the compatibility condition has to be satisfied at
the discrete level as well: thus, the projections of
the data f and g over the finite element spaces
have to be done carefully.

Figure 18 was obtained with FreeFem++ computa-
tions by solving the Poisson-Neumann problem (in fact,
the penalized version with € = 1078) on the unit square
in two situations:

1. By choosing

f(-xvy) =0,
and
x(l—xg, on ]{%;[Té()l}[,
, on {0}x]0,1],
8(x,y) = —x(1—x), on]0,1[x{1},
0, on {1}x]0,1],

the compatibility condition is satisfied and we ob-
tained the (penalized) solution of our problem.

2. Replacing f =0 by f =1, the compatibility condi-
tion is not satisfied anymore and FreeFem++ pro-
vides a nonsense solution with an amplitude of
1078 when € is small, the L”—norm of the (pe-
nalized) solution behaves as £~! illustrating the
fact that the limit problem is ill-posed.

7.5 Lack of regularity and error estimates

Problem. Let Q =]0,1[*, (x0,Y0) € Q. The source term
and the boundary conditions are chosen so as

NIR

u(x,y) = ((x —x0)* + (y —yo)z)

is the solution of the Poisson problem.
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-1.00925- 1018

1.00924 - 108

(1)
Figure 18. Solution of the Poisson-Neumann problem by penalization: (1) the compatibility condition is satisfied;

(2) the compatibility condition is not satisfied.

1. Prove that the regularity of u critically depends
on a:
H'(Q), ifo<a<l,
uel H*(Q), ifl<a<2,
H3(Q), if2<a.

2. Using FreeFem++, discuss the convergence rate of
the approximations obtained by the P! or P? finite
element method, depending on the value of .

Solution.

1. For the sake of simplicity (and without loss of gen-
erality), we consider Q = %(0,1) (the unit ball)
and (x9,y0) = (0,0). Let us compute the derivatives
of the function and their related L? integrability.

= At order 0, we have

a
2

u(x,y) = (¥ +5°)

and, as a consequence,

2 1 1
/ u? = / / % rdrdo = 2717/ et gr,
2(0.1) o Jo 0

Note that r+— 2%t € L1(0,1) if, and only if,
200+1> —1.

As a conclusion, u € L*(%(0,1)) if, and only
if, a > —1.
= At order 1, we have

deu(x,y) = ox(x*+y?)
du(x,y) = oy(x*+y?)

and, as a consequence,

2n 1
/ |Vl = 052/ / r?*2rdrde
2(0,1) o Jo

= 2717062/ ¢ 1dr.
0

Note that r+ r2*~1 € L1(0,1) if, and only if,
20— 1> —1.

As a conclusion, u € H'(2(0,1)) if, and only
if, a > 0.

At order 2, we have

dnu(x,y) = a(x®+y?):7!

+a(o—2)x3 (2 +y?) 52,
dyu(x,y) = a(a—2)xy(2+y*)T2
dyu(x,y) = O‘(x2+y2)%71

Oyxlt = Oyylt.
Then, computing (dyu)?, (dryu)?, (dyu)?, in-
0,

tegrating over #£(0,1) and using the change
of coordinates (x,y) = (rcos0,rsin0), we get

1
[ gowl = o[ P
2(0,1) 0
a 2 C / 2a—3d 3
/33(071)| o 2h " "

1
dul> = C/ %34,
Ly B |



62

Introduccion al método de los elementos finitos

with
2
¢ = 27ra2+a2(a—2)2/ cos*0de
- JO
+a2(a—2)/ cos’0de,
v/
G = az(a—2)2/ cos® 6 sin® 6d6,
0
2r
G = 2na2+a2(a—2)2/ sin*6de
JO

2
+a(a —2)/ sin?6.d6.
0
Note that r+— r2*=3 € L1(0,1) if, and only if,
20—-3>—1.
As a conclusion, u € H*(%(0,1)) if, and only
if, a > 1.
At order 3, we have
Ot (X, y)
=G (3x(x2+y 12724 B3 (a—4) (2 +y? %73)
eyl (x,)
= (y(x +9) T2 4 (00— 4)2y(a2 +y? %4)
=G (x()c2 +) 24 (00— 4)y2x (22 42 %73)
Oyyyu(x,y)
=Cp (3y(x +3) T 24y (e —4) (2 +)2 %4)
with Cp = a(a—2), and
Oyxxll = Oyt = Oyylt,  Oxyylt = Oyl = Oyl
Then, computing (dutt)?, (Suytt)?, (Fyyxtt)?,
(dyyu)?, integrating over %(0,1) and using

the change of coordinates (x,y) = (rcos 6,rsin 0),
we get

1
/ |(37mcl/t|2 = Ci/ rza*sdr,
B(0,1) 0
(st = [ e
B(0,1) 0
dau|* = C// rza*sdr,
/,@(071)| bt *Jo

1
2 / 205
/ |3yyyu| = C4/ r dr7
2(0,1) 0

where C] denotes a constant!3. Note that r+—

with
/
Cl

= c (9 J2™ cos20.d6 + (0 — 4)2 2™ cosS 6.dO

+6(00—4) 27 cos* ede) ,

= Cz(foz”sm 0d0+ (o —4)? fzncos“esm 0de

+(a—4) [¥ cos? 0 sin? 9d6)7

= Cz(jo cos20d0 + (o —4)? [ sin* 6 cos? 6 d6

+(a—4) ¢ cos? 6 sin 9d9) ,

= e (9[02” sin20d6 + (o —4)2 [P sin® 0 dO

+6(00—4) [ sin* ede) 4

r2%=5 ¢ L1(0,1) if, and only if, 2a —5 > —1.

As a conclusion, u € H3(%(0,1)) if, and only
if, a > 2.

2. Figure 19 represents the solution for different val-
ues of a. In particular the behaviour of the solu-
tion near the point (0.5,0.5) illustrates the regu-
larity issue that has been discussed above.

Let us focus on the numerical computation of the
solution. By Lemma 4.1 and the approximability
property of P! and P? with respect to H'(Q), the
numerical solution uj, converges to the exact solu-
tion u in H'(Q). But what is the rate of conver-
gence?

Theorem 5.10 states that the P! method converges
at first order in H', provided the solution is at least
H>.

Theorem 5.19 states that the P? method converges
at second order in H', provided the solution is at
least H>.

The convergence in the L? norm illustrates Theo-
rem 5.11 when u € H*>(Q). Note that the adjoint
problem is identical to the initial problem by sym-
metry of the bilinear form so that it satisfies the
elliptic regularity property since the domain Q is
convex.

Focusing on the error in the H' norm, Figure 20
illustrates the above theorems by observing the
numerical orders of convergence for ¢ = 0.5, 1.5
and 2.5. Optimality of the finite element method
is achieved with the P! elements for a = 1.5 and
o =2.5 (with a numerical order that is close to 1)
but not for & = 0.5: in this case the convergence is
suboptimal because the solution does not belong
to H?. Optimality of the finite element method is
achieved with the P? elements for a = 2.5 (with
a numerical order that is close to 2) but not for
o =0.5 and o = 1.5: in these cases the conver-
gence is suboptimal because the solution does not
belong to H>. Similar observations can be led with
the L? analysis.

7.6 Finite elements for the Stokes system
Problem. Write a FreeFem++ program to investigate the
finite element method applied to the Stokes problem. [J

Solution. The major issue discussed in Section 6, is
whether or not the couple of approximation spaces cho-
sen for a variationnal problem in mixed form satisfies the
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(a)
Figure 19. Function u: (x,y) — ((x—0.5)2+ (y — 0.5)2)% for different values of a: (a) & =0.5, (¢) a = 1.5,
(c) a=25.

(uniform) inf-sup condition at the discrete level. In order
to get well-posedness of the discretized Stokes problem,
the functional spaces X;, and M), (for the velocity and
pressure, respectively) should indeed satisfy the inf-sup
condition. Figures 21 to 23 exhibit the numerical solu-
tion of a Stokes problem with different approximation
spaces.

Consider the domain Q =]0,1[*> and % denotes the
ball of center (0.5,0.5) and radius r =0.25 and define the
components of the source term f as f; = f =50 x 1.
We consider the (variational) Stokes problem:

Find (u,p) € (H}(Q))? x L3(Q) such that
/QVu:Vv—/ pdivlv) = /Qf-v,
gdiv(u) = 0,
Q
for all (v,q) € (H}(Q))? x L3(Q).

In order to illustrate the influence of the choice of the
approximation spaces, we use a structured mesh!'#.

» Figure 21 deals with P' —PY finite elements: the
locking effect is illustrated, see Proposition 6.2, as
the numerical velocity field is 0, which evidences
the failure of the approximation.

= Figure 22 deals with P' —P! finite elements: the
checkerboard effect on the pressure field is illus-
trated. In particular, spurious oscillations strongly
depend on the mesh size, producing an unrealistic
pressure field. The P! —P! finite elements have the
same drawback as the Q! —P? finite elements for
which the checkerboard effect has been proved, see
Proposition 6.3.

= Figure 23 deals with ]P’llj —P! finite elements, which
are inf-sup stable.

MThe locking effect associated to the P! —PY finite elements is
proved under the assumption of a structured triangular mesh, see
Proposition 6.2, page 46.

(c)

» Figure 24 deals with P> —P! finite elements, which
are also inf-sup stable. Besides, these finite ele-
ments are more precise than the IP’% — P! finite ele-
ments. As a consequence, as the exact solution is
regular, the numerical simulation provides a better
approximation at fixed size mesh.

7.7 Uzawa algorithm for saddle-point problems

Problem. Consider a domain Q and a subdomain 4 C Q.
Let f € L*(Q). Define

J(v) ::%/Q|Vu|2~l—%/9u2—/gfv,

v:{veHl(Q), [@v:O}.

Solve with FreeFem++ the minimization problem:

Find u € V such that
J(u) = minJ(v).
veV

O

Solution. This problem is the application of Example 1
developped in Section 3. By the Lax-Milgram theorem,
the minimization problem is equivalent to a variational
formulation associated to the functional space V. From
the numerical point of view, dealing with V is difficult
because we cannot build finite elements in a finite dimen-
sional subspace of V, because of the constraint. Never-
theless, the solution u of the minimization problem is
the first component of the solution of the saddle-point
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a =0.5 - P! approximation a = 0.5 - P? approximation

1071 1071

1072 1072

1073 slope 0.25 1073 slope 0.25

[l — un|
[l — un|

1074 1074

1073 10-5

——H! error ——H! error
—=— 12 error —=— ]2 error

1077 N 1077 L1
1072 107! 1072 107!

10°° 10~6

a = 1.5 - P! approximation o = 1.5 - P? approximation

107! 101

——H! error

—I‘*l} eT:i;,”'t',J/P'/O/c/J//r//A

1072 % 102

1073 1073

slope 2

e = un|
e = un|

1074 1074

1073 ——H! error 1073

slope 1.5

—=— 12 error

1076 1076

1077 S 1077 L1 |

o =2.5 - P! approximation o = 2.5 - P? approximation

M 1071

107!

——H! error

1072 1072

—=— 12 error

1073 1073

oo = un|
oo = un|

10~* slope 2 10~* slope 2

1073 —— H! error 1073

—=— 12 error

1076 1076

slope 3

1077 TR 10*7 1 I |
1072 107! 1072 107!

h h
Figure 20. Error analysis of the finite element method in H' and L? for various regularity of the exact solution.
From top to bottom & =0.5, = 1.5, and a =2.5.
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2)
Figure 21. Numerical solution of the Stokes system with P! —P? finite elements.
for 1) h=0.067 and 2) h = 0.020.

Velocity field and pressure field
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Figure 22. Numerical solution of the Stokes system with P! —P! finite elements. Velocity field and pressure field
for 1) h=0.067 and 2) h = 0.020.
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Figure 23. Numerical solution of the Stokes system with IF’II) — P! finite elements. Velocity field and pressure field
for 1) h=0.067 and 2) h = 0.020.
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Figure 24. Numerical solution of the Stokes system with P> —P! finite elements. Velocity field and pressure field
for 1) h=0.067 and 2) h = 0.020.
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problem:
Find (u,A) € H'(Q) x R such that
/Vu~Vv—|—/uv+7L/ v /fv,
Q Q 2 Q
uflf u = 0,
JAB
for all (v,u) € H'(Q) x R.

Q)

We can prove that problem (Q) is well-posed (see Sub-
section 3.3). The main advantage of this formulation is
that (Q) is now a problem without constraint.

Uzawa algorithm. From the numerical point of view,
the solution of the (discretized version of the) saddle-
point problem can be defined by solving directly the cor-
responding linear system. However, by nature, this lin-
ear system does not have a nice symmetric definite posi-
tive structure for which efficient solver can be used. That
is the reason why many specific iterative algorithms have
been developed in the literature to solve such linear sys-
tems.

Here we present one of those alternative methods,
which is iterative: for each iteration, a first step only
requires to solve the elliptic contribution of the problem
and then a second step consists in updating the Lagrange
multiplier. The Uzawa algorithm is often used to solve
saddle-point problems. In the literature it is often pre-
sented in a finite dimensional framework but it makes
sense also in the infinite dimensional framework: if a
solution exists, then the algorithm converges! Let us
present the algorithm in different forms.

= Abstract problem. Let X and M be Hilbert
spaces, a(-,-) a continuous bilinear form on X x X,
b a continuous bilinear form on X x M. For all
Le X', for all Ge M, we aim at solving the varia-
tional problem

Find (u,p) € X x M such that
a(u,v)+b(v,p) = L(v),
b(u,q) = G(q),
for all (v,q) € X x M.

Then, for a given parameter p > 0, the Uzawa al-
gorithm writes:

Choose p® € M.
forn=0,...,4o

1. Solve the elliptic problem
Find #"*! € X such that
a(w' v) = L) —b(v,p"),
for all v e X.
2. Update the Lagrange multiplier
Find p"*! € M such that
(" .q) = (p"q) +p (bW ,q) — G(q)),
for all g € M.

enddo

= Operators. Defining A: X — X' as (Au,-)y y =
a(u,-) and B: X — M’ as (Bv,-)yy s = b(v,-), the
formulation is equivalent to '

Find (u,p) € X x M such that
Au+B'p = L,
Bu = G,

where B’ : M — X’ is the adjoint operator of B, the
bidual of M being identified to M itself. Then the
Uzawa algorithm writes:

Choose p° € M.
forn=0,...,4o

1. Solve for the principal unknown:
Find «"*! € X such that
At =L —PB n,

2. Update the Lagrange multiplier:
Define p"*! € M by

{ pn+1 :pn+p(3un+1 —G).

enddo

Proposition 7.7 (Uzawa algorithm) Assume that the
saddle-point problem admits a solution. Then the se-
quence {u"} defined by the Uzawa algorithm converges
to the solution of the corresponding minimization prob-

lem if

where o is the coercivity constant of a(-,-).

Proof of Proposition 7.7. We have

pn+1 — pn 4 p(Bu"+1—G),
p = p + pBu—-G),
hence
Pt —p=p"—p+pB —u).
Then
P = pll3; ) 1
= |lp"=ply+20 (p"—p.Bu" —u),,
+02([ B —u)|3,
= |p"—ply+2p (B (p"—p),u™ —u),
+02([ B —u)||3,
= lp"=ply—2p (AW —u),u"" —u),

+p2(|Bu ! —u)lF,
lp" = pll3 = p (20— p|[B]]?) "' — ul %

IN

Thus if the condition on p is satisfied, the series
Yl —ullg,
n

is convergent. As a consequence, {u"} converges to u.
The equation satisfied by p" — p is thus

B/(pn _p) — _A(MnJrl _u)7
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which gives, for any v € X

b(p"—p,v) =
By the inf-sup condition we obtain

b(p" = p,v)

—pll < sup —————
vex |y ||

1 1
—a(@""™ —u,v) < |lallJu""" —ul[]v]]

< llaflllu™** —ull,

Bllp"

and the convergence of p" to p is proved. |

In practice, the algorithm stops running when an er-
ror criterion on the Lagrange multiplier is met.

Application. Let us apply the Uzawa algorithm to our
problem. It reads

Define A% =0
forn=0,...,4o0

1. Solve the problem
Find u"! € H

/Vu"+1 Vv+/

) such that
by = / fv—l”/ v,
JO Jz
for all ve H'(Q
2. Solve the problem

Find A"*! € R such that
Antl zl”—i—p/ Mn+1
B

enddo

Let us compute the range of admissible values for the
Uzawa parameter p in our constrained problem. For
the sake of simplicity, we assume that Q =]0,1[%. The
coercivity constant is & = 1. Then, for all u € H'(Q),

ww{éu

1 1
< [ 1 <121? el <181 o

so that
|Bu| 1
1B|| := sup <|#|*
wer' (@) 14l (@)
Moreover, taking i# =1 yields
|Bit| ||
= = |4].

Il |Q|%
Thus,

w if |B] =1 (ie. if Z=Q), then the bound is obvi-
ously attained and

1B]| = 1.
w if |#| < 1, we have
1Bl = |41,

which is consistent with the case | %8| = 1.

Then the Uzawa parameter should be chosen as

0<p < Pmax: |%|2.
Numerical results. Let us present some numerical
simulations: 4 is the disk of center (0.5,0.5) and radius
r=0.2. We define the source term as

B 1, if (x,y) € 4B,
f@ﬂ—{q,ﬁ@;iﬁ

In practice the Uzawa algorithm stops running when the
user estimates that convergence of {A"} has been numer-
ically reached. Thus we define for instance tol = 1078
and the computations will stop as soon as

A" — A" < tol,
or, alternatively,

|/'Ln+1 _)Ln‘
— < tol

in which case the stopping test addresses the numerical
constraint ||Bu" — G|.

= Choosing

pmax
P=7
the algorithm converges and produces the numeri-
cal solution (uy,A;) where uy, is represented on Fig-
ure 25 and A, = —5.25807. Actually, with our fixed
tolerance and our choice for p, the algorithm con-
verges in 11 iterations and, in the end, satisfies
Jgun =5.86-10"1 which is quite satisfactory.

= As it was outlined the choice of p has a critical im-
pact on the behaviour of the algorithm. Figure 26
exhibits the behaviour of the sequence {A"} for var-
ious values of the Uzawa parameter: for p > pmax,
the method does not converge. For p < pmax the
method converges but the choice of p critically
rules the the rate of convergence: it is optimal for
p = 0.5 ppax whereas it is deteriorated when too
small or too close to Ppgy-

Remark 7.8 The Stokes problem can be solved itera-
tiwely with the Uzawa algorithm: the elliptic part reduces
to a wvector Laplace problem (for which all the compo-
nent of the velocity can be uncoupled) whereas the update
of the Lagrange multiplier (the pressure field) reduces
to a simple computation. Let Q be a bounded domain,
f €L*(Q) and consider the Stokes problem:

Find (u,p) € (H} (Q))? x L3(Q) such that

Vu:Vv—/pdiV(v) = /Qf-v,
X div(iu) = 0,

el @ 3@

Q

for all (v,q)

Then the Uzawa algorithm writes:
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Figure 25. Solution of the saddle-point problem with the Uzawa algorithm. The solution u;, numerically satisfies
fgg uh == O.

20
15 ~®-p=0.1 pma ,
p:0~5'pmax
10 [ 7.7p:0~9'pmax N
p:1~1'Pmax
s |
-8 - -m- _m -
< 0 . L s LR T
I
= RS
_5 \‘\\‘\ e
_10 \0\* -
K 2%
>
—15 0\* i
K 2%
4
_20 | | | | | |
10 20 30 40 50 60 70 80

number of iterations n
Figure 26. Convergence of the Lagrange multiplier with the Uzawa algorithm for different values of p.
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Choose p° = 0.
forn=0,...,4o
1. Solve the elliptic problem
Find u"*! € (H}(Q))? such that
/ V't vy = / p" diV(V)—I—/ fv
Q

f(??” all v e (H} (Q))2.
2. Update the Lagrange multiplier
Find p"t! € 1*(Q) such that
/ pn+1q: / pnq_p/ qdiv(u"“),
Q JQ
for all g € L*(Q).

enddo

Notice that the initialization p® =0 guarantees that
the Lagrange multiplier has zero mean value at each time
step: choosing g =1 as a test function, we get by the
Lagrange multiplier equation

/pn+1:/pn_p/div(un+l)
Q Q Q

n+1

= " W n
/Qp p IQ

_ n

[

hence the property inherited from the initialization step.

O

7.8 A fluid-structure interaction problem

Problem. We aim at describing the interaction between
a rigid particle and an incompressible Newtonian fluid.
Let Q be the unit square in R?. Let B(t) C Q a rigid
particle with a center of mass xp(;), angular position 6.
Inertial effects are neglected, which leads us to consider
the instantaneous equilibrium of forces within the fluid
and for the particle. Thus, at each time ¢, we consider
the Stokes equations in the fluid domain:

—divEED) —pT) = fi inQ\B)
(FSIy) diviu) = 0 in Q\B(r),
u = U" ondB(t).

Here u denotes the fluid viscosity and f;:= —prge, de-
notes the gravity force exerted on the fluid (with den-
sity pr). D(u) := 3(Vu+ (Vu)) is the strain tensor. The
boundary condition at the fluid-particle interface dB(t)
is a no-slip condition: the particle has a rigid move-
ment which is decomposed into a translational move-
ment (with translational velocity U) and a rotational
movement (with rotational velocity @),

U'(t,x) =U(t)+ o(t)(x—xp())", t>0, x€IB(t).

The translational and rotational velocities are a prior:
unknown. We use the notation x- = (—xz,x;). The fluid-
structure interaction emerges from the coupling with
the Newton equation which expresses the instantaneous
equilibrium of the forces applied to the particle:

/B(X—XB)L-fB—/aB(x—xB)L-(G.n) = 0.

where ¢ :=2uD(u) — pI is the total stress tensor for
a Newtonian fluid. Here fp denotes the external non-
hydrodynamical forces exerted on the particle. In our
case we restrict our study to the gravity forces: fz:=
—ppg(0,1), where pp is the density of the particle. Let
us recall that buoyancy denotes the power to float or rise
in a fluid; therefore a particle is said buoyant if pg # ps
and neutrally buoyant if pp = ps.

(FSL)

1. Compute the instantaneous velocity field gener-
ated by the inclusion of a rigid sphere in the fluid.

2. Compute the dynamics of a buoyant sphere in a
fluid at rest.

3. Compute the dynamics of a neutrally buoyant el-
lipsoid in a linear shear flow.

O

Solution. We present a fictitious domain approach that
allows us to address the fluid-structure interaction prob-
lem.

“Direct” formulation of the problem. The computa-
tional method that we propose is based upon a fictitious
domain approach: the velocity field u and the pressure
field p, defined on Q\ B are extended over Q by

ult,x) = U(t)—l—a)(t)(x—xB(t))L, on B(r),
p(t,x) = 0, on B(t).

The extension of p follows from the fact that the pres-

sure field is the Lagrange multiplier associated to the

incompressibility condition. Note that if u describes a

rigid movement, then it is divergence free, hence the ex-

tention by 0 for the associated pressure field is natural.
We introduce the functional spaces:

Xg = {ue(H}(Q)? I(U,0) e R*xR,
u(x) =U+ o(x—xp)* a.e. in B},
Mg = {pelL}(Q), p=0ae. in B}.

We introduce the source term

fi= fflg\g + fslp.

By the forthcoming Proposition 7.9, the fluid flow is
determined as the solution of the variational problem:
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Find (u,p) € Kp x Mp such that
2[4/ D(u) : D(v) — / pdiv(v) =
Q .

| s

qgdiv(iu) = 0,
Q
for all (v,q) € Kg x M.

(F)

Proposition 7.9 Let (u,p) € (H} (Q))? x L3(Q). Assume
that the restriction to Q\ B of (u,p) belongs to (H*(Q\
B))?> x H'(Q\B). Then (u,p) is a solution of Equa-
tions (FSIy) — (FSIp) if, and only if, (u,p) is a solution
of problem (F).

The dynamics of the rigid particle is described by:

t,x)dx
. | / P
S =U ()= =,
ppdx
B(t)
i 3 /B(I)PBM(f,x)'(x—xB(z))ldx

—(-)B(,) = Cl)(l‘) :
@ [ Pl Pax
B(r)

The computational method relies on the computa-
tion of the solution, at a given time, of the variational
problem (F) which determines the flow generated by the
inclusion of the particle and, then update the position of
the particle by solving (P) (with an explicit Euler scheme,
for instance). Thus let us focus on the computation of
the solution of problem (F).

Remark 7.10 For the sake of simplicity (and without
any consequences on the velocity field) we may replace
the source term modelling the gravity

fi= g+ fsls

by a source term modelling the buoyancy only:
F=r—fi=(fs—fi)ls

Penalized formulation of problem (F). Solving prob-
lem (F) with a finite element solver is not easy: the ele-
ments should belong to the constrained functional spaces.
Moreover, as the rigid domain may evolve in time, so
do the constraints. As a consequence, a finite element
basis should be built at each time step, which is pro-
hibitive! In order to avoid these difficulties, we may use
an approximation method which consists in relaxing the
constraints in the functional spaces, thus leading to the
possibility of using standard finite element solvers. In
the variational formulation, the relaxation of the con-
straints should be associated with the introduction of
integrals which tend to mimick / impose the constraint
on the solution: this additional term is called a penalty
term.

Let us introduce another characterization of the rigid
movement:

Proposition 7.11 We have
Xp = {uc (H}(Q)* Du)=0 ae. in B}.

Roughly speaking, the above proposition states that rigid
movements do not deform the domain (as D(u) is the de-
formation tensor).

The penalty method applied to the variational for-
mulation leads to the following problem:

Find (ue, pe) € (H3 (Q))? x L3(Q) such that
Zu/QD(ug) :D(V)Jr%/BD(ug) D)
|ro
[
qdiv(ug) = 0,
for all (v,q) € (H} (Q))? x L3(Q).

—/pgdiv(v) =

Roughly speaking, the penalty term %_[B]D)(ug) :D(v)
ensures that when € tends to 0, then D(ug) tends to 0
on B, thus satisfying the constraint in the asymptotic
regime. It means also that rigid domains are modelled
as highly viscous domains (with viscosity 1/¢).

It is possible to prove the following result:

Proposition 7.12 Let (u,p) be the solution of (F) and
let (ug, pe) be the solution of (Fe). Then

l[u = uel| 1 (@) = O(€).

From the computational point of view, it is possible to
use a standard finite element solver to compute the solu-
tion of (F¢). This approach does not require mesh adap-
tation techniques: a fixed (structured or unstructured)
mesh can be used.

Algorithm for the dynamics of a rigid particle in
a fluid. The dynamics of a particle which evolves in
a fluid has been modelled by a strongly coupled fluid-
structure interaction problem: we aim at solving prob-
lems (F) and (P). Let us describe how to handle this
coupled problem with the computational aspects. Prob-
lem (P) is solved using an explicit Euler scheme but re-
quires the knowledge of the instantaneous velocity field
generated by the inclusion of the rigid particle, hence
the solution of problem (F). As it was outlined, prob-
lem (F) can be solved with the penalty formulation or
the saddle-point formulation. We present the algorithm
with the penalty method (the adaptation for the saddle-
point formulation is straightforward).

Assume that the position of a particle is known at
time t,. We aim at computing the velocity field in the
fluid at time ¢, and update the position of the particle at
time t,,11 =1, + At. The computational process writes:

Step O (initialization). The position of the cen-
ter of mass xj = xg(t,) and angle 65 = 0g(t,) are
known. The rigid domain

B" :=B(ty)
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is completely characterized by x3, 65 and the geo-
metrical properties of the particle.

Step 1. Define the generalized viscosity and the
source term:

n 1 v
'u = l'LlQ\B’I—i_ElH”? f = (fB’7_ﬁ)IB’7-
Step 2. Solve (the penalized version of) prob-
lem (F):

Find (u",p") € (H}(Q)
/QZM”D(M”) :Dv) —

~—

2 x L3(Q) such that
pave) = [ e
Ja
qdiv(u™) 0,
L3(Q).

i

for all (v,q) € (H& (Q))?

Note that the definition of u”* leads to write the
penalized problem as

/ 20" D(x) : D(v)
Q

= 2[,L./Q]D)(u) :D(v) + 2 /KD(u) :D(v).

E.

Note also that the above problem can be used with
a standard finite element solver.

Step 3. Solve problem (P) with an explicit Euler
scheme:

= Compute the translational and rotational ve-
locities of the particle at time ¢,:

/pBu”(x)dx
vr o= B
/Pde
BVl
/pgu"(x)~(x—x3n)de
" — B

| pallx—smn|*ax
Bn

= Update the position of the particle:

Gh=xp+aUt, gt =05+ A"

. Inclusion of a rigid sphere in a fluid. We con-

sider the domain Q =]0, 1[? which divides into two
(moving) subdomains: a part is occupied by an
incompressible Newtonian fluid (viscosity g = 1)
and the other part is a rigid sphere (radius 0.1)
at (x°,y%) = (0.5,0.8). The sphere is not neutrally
buoyant (pg = 1.0, pr =0.1). The instantaneous ve-
locity field generated by the inclusion of the sphere
may be computed by using the penalized formu-
lation of the problem. In the penalized formu-
lation, a generalized Stokes problem is solved at

each time step. This requires the use of finite el-
ements that are inf-sup stable. In that prospect
we use ]P’é — P! finite elements. Note that it is no
worth using P? — P! elements in order to increase
the accuracy of the solution: the extension of the
velocity field from Q\ B to Q is not in H3(Q). Actu-
ally the velocity field is not even in H>(Q) (at the
fluid-particle interface, the velocity field is contin-
uous but its gradient admits a jump discontinuity
through the interface). As a consequence, higher
order finite elements would increase the computa-
tional costs without additional accuracy. Never-
theless the analysis guarantees that, by using the
mini element, the numerical solution converges to
the exact solution with a suboptimal order of con-
vergence (in order to guarantee a convergence rate
of order 1, the solution should be in H?, see The-
orem 6.6). Figure 27 presents the velocity field
generated by a rigid sphere of radius r = 0.1 and
coordinates (0.5,0.6). The sphere is not neutrally
buoyant (pg > pr).

. Sedimentation of a rigid sphere in a fluid at rest,

see Section 8, Program 8.2. We consider the do-
main Q =)0, 1[> made of an incompressible Newto-
nian fluid and a rigid sphere of radius 0.1 with a
center of mass located at (0.5,0.8). The sphere is
not neutrally buoyant (pg > pr) so that it is ex-
pected that the sphere falls down to the ground.
By a symmetry argument, if the initial position
of the sphere is symmetric with respect to the
axis x = 0.5 then the sphere falls along this axis
with a zero angular velocity. As a consequence we
only compute the translational velocity in order
to update the position of the sphere. We compute
the solution of the penalized version of the fluid-
structure interaction problem with ]P’tl) — P! finite
elements on a 100 x 100 structured mesh. The fall
of a rigid sphere in a fluid at rest is reproduced in
Figure 28.

. Rotating ellipsoid in a linear shear flow, see Sec-

tion 8, Section 8.8, Program 8.3. We consider the
domain Q =]0,1[2. A linear shear flow may be de-
scribed by the velocity profile

) =(-2) (g ).

which is obtained by solving the Stokes equations
in Q with the boundary conditions

u(,0)=+1, ony=0,
u(,1)=-1, ony=1,

and periodic conditions with respect to x. Con-
sider an ellipsoid (with half semi-axes 0.1 and 0.25)
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Figure 27. Solution of the fluid-structure interaction problem with the penalty method with IF’II3 — P! finite elements

on a 100 x 100 structured mesh: 1) characteristic function of B. 2) velocity field. 3) first component of the velocity
field. 4) second component of the velocity field.



Introduccién al método de los elementos finitos

1

Figure 28. Position of the sphere and velocity field at different times ¢;.
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7

which is neutrally buoyant (i.e. pg = pf). When in-
serting the ellipsoid in the shear flow, the velocity
profile in the fluid is modified and, as a result, the
backflow produces a movement of the ellipsoid. We
expect that, if the center of mass is initially located
at (0.5,0.5), it does not evolve in time (no gravity
effect), i.e. the ellipsoid does not translate. But
the angular position of the ellipsoid does evolve
in time: the ellipsoid rotates around its center of
mass. We compute the solution of the penalized
version of the fluid-structure interaction problem
with P} — P! finite elements on a 100 x 100 struc-
tured mesh. Figure 29 represents the ellipsoid and
the velocity field at different time steps.

O
8. FreeFem++ programs
8.1 Problem 1
/********************************************/
/* PROBLEM 1 x/

/********************************************/

/% == Fine mesh ¥¥kskskokskkkkskokokokkkakokoskkokkokokdkokokok /
mesh ThO=square(300,300);

/* == Solution of the Poisson problem **¥x**x/
func u=xxy*(1.-x)*(1.-y);

/* == Source term #kkkkskkkskkkskkskkkokkokkkkkkkkk /
func £=2xy*(1.-y)+2xx*(1.-x);

/* == Boundary conditions ik xskkksikkkkkkkskkkk/
func g=0;
/* == Number of computed errors kkkxkkkxk**ik/

int Niter=20;

/* == Storage of the error in L2 or Hl x****x/
real[int] eL2(Niter);
real[int] eH1(Niter);
real[int] hL2(Niter);
real[int] hH1(Niter);

/* == Finite element space on the fine mesh */
fespace VhO(ThO,P2);

/* == Projection on the fine mesh *¥¥kkxkkk*x/
VhO uO=u;

/* == Initialization of the number of nodes */
int np=10;

/* == Initialization of the mesh *xkkksikkkskkx/
mesh Th=square(np,np);

/* == Finite element on the coarse mesh *x*x*x/
fespace Vh(Th,P2);
Vh uh,vh,errh;

/* == Variational problem *ksikksxskkkxskkkkkkkk/
problem Poisson(uh,vh,solver=LU) =
int2d (Th) (dx (uh) *dx (vh) +dy (uh) *dy (vh) )
-int2d (Th) (£*vh)
+on(1,2,3,4,ubh=g) ;

/* == Compute uh and uh-u for different h **x/
for (int i=0;i<Niter;i++){

Th=square (np,np) ;

Poisson;

errh=u-uh;

VhO uhO=uh;

VhO errhO=u0-uhO;

real errL2=sqrt(int2d(ThO) (errh0~2));
real errH1l=sqrt(int2d(ThO) (dx(errh0) "2
+dy (errh0)~2));

hL2(i)=1./(np-1);
el2(i)=errl2;
hH1(i)=1./(np-1);
eH1(i)=errH1;

plot(uh,wait=0);
np=np+2;
}

ofstream outl("P2_errL2.txt");

for (int i=0;i<Niter;i++){
out1<<log(hL2(i))<<" "<<log(eL2(i))<<endl;

}

ofstream out2("P2_errH1.txt");

for (int i=0;i<Niter;i++){
out2<<log(hH1(i))<<" "<<log(eH1(i))<<endl;

}

/********************************************/

8.2 Problem 2
From the Robin condition to the Dirichlet condition
/K 3Kk ok ok sk sk ok ok ok ok ok kK ok ok ok ok ook sk ok ok ok sk k ok ok ok ok sk ok ok ok ko k ok /

/* PROBLEM 2-1: FROM THE ROBIN CONDITION */
/* TO THE DIRICHLET CONDITION */
/********************************************/

J* == Mesh *kkskokokokokkokkokokkokkok sk ok ok ok ok ok Kok Kk Kok ok Kok /
int np=200;
mesh Th=square(np,np);



Introduccién al método de los elementos finitos

Figure 29. Position of the ellipsoid and velocity field at different times ;.
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plot(Th,wait=0);

/* == P1 finite element space *¥xkkkikkkik*xxk/
fespace Vh(Th,P1);
Vh uh,vh,ueh,e;

func f=1.;
func g=0.;

int Niter=20;
real[int] errH1(Niter);
real[int] ee(Niter);

real eps=0.1;
real alpha=1;

/* == Variational problem skkksskkkskskkkskkkkkkxk/
/* == with Dirichlet conditions xkkk*¥kxkk**/
problem laplDir (uh,vh,solver=LU)=
int2d (Th) (dx (uh) *dx (vh) +dy (uh) *dy (vh))
+int2d (Th) (alpha*uh*vh)
-int2d(Th) (£*vh)
+on(1,2,3,4,uh=g) ;

laplDir;
plot(uh,wait=0);

/* == Variational problem kkksskkkskkkikkkkkk/
/* == with Robin condition skkkkkkskkkkkkkkkkk/
problem laplRobin(ueh,vh,solver=LU)=
int2d(Th) (dx(ueh) *dx (vh) +dy (ueh) *dy (vh))
+int2d (Th) (alpha*ueh*vh)
+int1d(Th,1,2,3,4) ((1./eps) *ueh*vh)
-int2d (Th) (£*vh) ;

/* == Compute the error ue-ul ¥ kkkkkk*xkk*xk/
for (int i=0;i<Niter;i++){

laplRobin;

e=uh-ueh;

real eHl=sqrt(int2d(Th) (e~2)
+int2d (Th) (dx(e) "2+dy(e)"2));
errH1(i)=eH1;
ee(i)=eps;
plot(ueh,wait=0);
eps=eps/2.;
}

ofstream outl("q2_errorHl.txt");

for (int i=0;i<Niter;i++){
outi<<log(ee(i))<<" "<<log(errH1(i))<<endl;

}

/********************************************/

From the Robin condition to the Neuman condition
/KoK sk ok ok sk ok ok ok sk ok ok sk o ok ok ok ok ok ok sk ok kK ok ok ok ok ok ok ok ok sk ok ok ok ok /

/* PROBLEM 2-2: FROM THE ROBIN CONDITION */
/* TO THE NEUMANN CONDITION */
/********************************************/

/% == MesSh *kkkskkskkokkokkkkokkok ok kokk Kk kKK ok k Kk Kok ok
int np=200;

mesh Th=square (np,np);

plot(Th,wait=0);

/* == P1 finite element space ¥xkkkxkkkik*kkk/
fespace Vh(Th,P1);
Vh uh,vh,fh,ueh,e;

func f=1;
real alpha=1;

int Niter=10;
real[int] errH1(Niter);
real[int] ee(Niter);

real eps=100;

/* == Variational problem *ksikksskkkxkkkkkkkk/
/* == with Neumann conditions #¥xkkkk*kxxkk**/
problem laplNeum(uh,vh,solver=LU) =
int2d (Th) (dx (uh) *dx (vh) +dy (uh) *dy (vh) )
+int2d (Th) (alpha*uh*vh)
-int2d (Th) (£*vh) ;

laplNeum;
plot(uh,wait=0,value=true);

/* == Variational problem *ksikksskkkxskkkkkkkk/
/* == with Robin condition kkkskkskkkskkskkkkkkk/
problem laplRobin(ueh,vh,solver=LU) =
int2d (Th) (dx (ueh) *dx (vh) +dy (ueh) *dy (vh))
+int2d (Th) (alpha*ueh*vh)
+int1d(Th,1,2,3,4) ((1./eps)*ueh*vh)
-int2d (Th) (f*vh) ;

for (int i=0;i<Niter;i++){
laplRobin;
e=uh-ueh;
real eL2=sqrt(int2d(Th) (e~2));
real eHl=sqrt(int2d(Th) (e~2)

+int2d (Th) (dx(e) "2+dy(e) "2));

errH1(i)=eH1;
ee(i)=eps;
plot(ueh,wait=0,value=true);
cout<<i<<endl;
eps=eps*10.;
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ofstream outl("q3_errorHl.txt");

for (int i=0;i<Niter;i++){
outi<<log(ee(i))<<" "<<log(errH1(i))<<endl;

}

/********************************************/

8.3 Problem 3
/********************************************/
/* PROBLEM 3 x/

/********************************************/

/* == Define the boundaries of the domain ***/
border A(t=0.,1) {x=t ;y=0; label=1;};
border B(t=0.,1) {x=1 ;y=t; label=2;};
border C(t=0.,1) {x=1-t;y=1; label=3;};

border D(t=0.,1) {x=0 ;y=1-t;label=4;};

/* == Number of elements on each boundary **x/
int n=500;
/* == Mesh generation ks xskkkskskkkskkkkkkkkkxk/

mesh Th = buildmesh(A(n)+B(n)+C(n)+D(n));
plot(Th,wait=1);

/* == Dirichlet boundary function *kkkkk*x*x*/
/* == - g0 for problem (P70) sxkkxskkkxskkkxkkkkk/
/* == - gl for problem (P71) skskxkskkskxskkkxkkkxk/
func g0=0;

func gl=1;

/* == Finite element space (here: P1) sk*xx*x/
fespace Vh(Th,P1);

Vh u,v,w;

/* == Define the source term ¥k ikikikkkikxkx/
func f=1;

/* == Define the variational formulation xx***/
/* == - select g0 on boundary 4 for (P"0) *xx*/
/* == - select gl on boundary 4 for (P"1) *xx/

problem Poisson(u,v,solver=LU)=
int2d (Th) (dx (u) *dx (v) +dy (u) *dy (v))
-int2d(Th) (f*v)
+on(1,2,3,u=0)
+on(4,u=g0);

/* == Solve the problem * sk kskkkkskkkxkkkkkxk/
Poisson;
/* == Compute the Hl-norm of the solution **x*/

real normHl=sqrt (int2d(Th) (dx(u) ~2+dy(u)"2));
cout<< normH1 <<endl;
plot(u,fill=0,wait=0,value=1);

w=sqrt (dx (u) "2+dy (u) "2) ;
plot(w,fill=0,wait=0,value=1);

/********************************************/

8.4 Problem 4
/********************************************/
/* PROBLEM 4 */

/********************************************/

/% == Mesh Hkkskokokokokkokkkok ok ok sk ok ok ok ok ok Kok Kk Kok ok Kok /
int np=200;
mesh Th=square (np,np);

/* == P1 finite element space ¥xkkkxkkkkk*kkx*/
fespace Vh(Th,P1);

Vh uh,vh;

/* == Source term f kkkskkkkkkskskskokkkskskokskokkskkkk/
func f=1.;

//Vh fh=f;

/* == Source term g on each boundary ****x***/
func gl= x*(1.-x);

func g2= 0.;

func g3=-x*(1.-x);

func g4= 0.;

/* == Penalization parameter *kxikkxkkkik*ki*/

real eps=1.0E-8;

/* == Variational problem kkskkksxskkkskkkskkkkk/
problem laplace(uh,vh,solver=LU)=
int2d (Th) (dx (uh) *dx (vh) +dy (uh) *dy (vh) )

+int2d (Th) (eps*uh*vh)

-int2d(Th) (£*vh)

-int1d(Th, 1) (gi*vh)

-int1d(Th,2) (g2*vh)

-int1d(Th,3) (g3*vh)

-int1d(Th,4) (g4*vh) ;

real CC=int2d(Th) (f)
+int1d(Th, 1) (g1)+int1d(Th,2) (g2)
+int1d(Th,3) (g3)+int1d(Th,4) (g4) ;

cout<<"Value (should be 0): "<<CC<<endl;

laplace;

plot(uh,wait=0,value=true);
[k skskskook sk ok ok sk sk sk sk sk ok sksk sk ok sksk sk sk sk stk sk ok ok sk sk sk sk sksk sk o ok sk sk sk o/

8.5 Problem 5
/********************************************/
/* PROBLEM 5 */

/********************************************/

/% == Fine mesh ko kkkokskokskkkokoksk dokskoksk ok kokokok ok /
mesh ThO=square(300,300) ;
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/* == Data of the problem *kkxsikkikkkikkxkkkk/
real a =0.5;
real x0=0.5;
real y0=0.5;

/* == Solution of the Poisson problem ***x**x/
func u=((x-x0) "2+(y-y0)~2)~(a/2.);

/* == Source Term *¥skskkkskskkkskskkkokkkokkKokkkokkkk /
func f=a"2*((x-x0) "2+(y-y0)~2)~(a/2.-1.);

/* == Boundary conditions skkksskkkskskkkskkkkkkkk/
func g=u;

/* == Number of computed errors *kkxikkxk**i*/
int Niter=20;

/* == Storage of the error in L2 or H1 **x**x/
real[int] eL2(Niter);

real[int] eH1(Niter);

real[int] hL2(Niter);

real[int] hH1(Niter);

/* == Finite element space on the fine mesh */
fespace VhO(ThO,P2);

/* == Projection on the fine mesh *¥¥kkxk*k*x/
VhO uO=u;
plot(u0,value=1,fil1=0,wait=0) ;

/* == Initialization of the number of nodes */
int np=10;
/* == Initialization of the mesh *¥¥¥¥¥¥xxxxx/

mesh Th=square(np,np);

/* == Finite element on the coarse mesh *¥xxx/
fespace Vh(Th,P2);
Vh uh,vh,errh;

/* == Variational problem skkksskkkskskkkskkkkskkxk/
problem Poisson(uh,vh) =
int2d (Th) (dx (uh) *dx (vh)+dy (uh) *dy (vh))
-int2d (Th) (£*vh)
+on(1,2,3,4,uh=g) ;

Poisson;

/* == Compute uh and uh-u for different h **x/
for (int i=0;i<Niter;i++){

Th=square (np,np) ;

Poisson;

errh=u-uh;

VhO uhO=uh;

VhO errhO=u0-uhO;

real errL2=sqrt(int2d(ThO0) (errh072));

real errHl=sqrt(int2d(ThO) (dx(errh0) "2

+dy (errh0) ~2));

hL2(i)=1./(np-1);
elL2(i)=errlL2;
hH1(i)=1./(np-1);
eH1(i)=errH1;

plot(uh,value=1,fill=1,wait=0) ;
np=np+2;
}

ofstream outl("errL2.txt");

for (int i=0;i<Niter;i++){
out1<<log(hL2(i))<<" "<<log(eL2(i))<<endl;

}

ofstream out2("errH1.txt");

for (int i=0;i<Niter;i++){
out2<<log(hH1(i))<<" "<<log(eH1(i))<<endl;

}

/********************************************/

8.6 Problem 6
/********************************************/
/* PROBLEM 6 */

/o ko ko ok ok ok ok skok skok sk ok ok ok o ok ok ok skskskok sk ok ok sk ok ok ko ok ok ok /
int n=50;
mesh Th=square(n,n);

//fespace Xh(Th, [P1,P1,P0]);
//fespace Xh(Th, [P1,P1,P1]);
//fespace Xh(Th, [P1b,P1b,P1]);
fespace Xh(Th, [P2,P2,P1]);

/* === Velocity and pressure field *¥x*k¥xi*x/
Xh [ul,u2,p],[vi,v2,q];

/* === Source term kkkkikskskkskkkkkkkkkkkokkkkkk/
real r=0.25;

VOh f1h=50%((x-0.5)"2+(y-0.5)"2<r"2);

VOh f£2h=50*((x-0.5)"2+(y-0.5)"2<r"2);

/* == Stabilization parameter s xkkkxkkkik***x*/
real eps=1E-6;

/oK ok sk sk sk sk ok ok ok sk sk sk sk sk sk sk ok ok ok sk ok sk sk ok sk sk sk ok sk sk ok ok ok sk sk ok ok ok /
/* == Stokes problem ik kskkkkskkkkskkkskkkkkkkk/
/o sk sk sk skokok ok sk sk sk sk stk ok ok sk sk sksk sk sk skok skok ok ook sk sk sksk skok ok ko sk ok /

problem Stokes([ul,u2,p], [vl,v2,q])=
int2d (Th) (2*dx (ul) *dx (v1) +dy (ul) *dy (v1)
+dx (u2) *dx (v2) +2xdy (u2) *dy (v2)
+dy (ul) *dx (v2) +dx (u2) *dy (v1))
+int2d (Th) (eps*p*q-p*dx (v1) -p*xdy (v2)
-g*dx (ul) -g*dy (u2))
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-int2d (Th) (£1h*v1+£2h*v2)
+on(1,2,3,4,ul=0,u2=0);

Stokes;
plot([ul,u2],value=1);

plot(p,fill=1,value=1);
/b stk sk sk ok ok stk sk sk sk stk ok ok sk sk sk ok sk sk ok ok sk sk sk ok sksk ok ok ok sk sk /

8.7 Problem 7
/********************************************/
/* PROBLEM 7 */

/********************************************/

/x == Mesh #kskkokskokokkokokkokokkokkokkok ok Kok ok sk ok okkok ok ok /
int np=100;
mesh Th=square(np,np);

/* == P1 finite element space *¥xikkikkkik*xk/
fespace Vh(Th,P1);
Vh uh,vh;

/* == PO finite element space *¥xikkikkkkk*xxk/
fespace Ph(Th,P0);

/* == Characteristic function *kkxskskkkkkkkkkk/
Ph chih=((x-0.5)"2+(y-0.5)72<0.272);

/% == Source term f s kkskokskkokskokskokskkokkokkkkxkkkkk /
Ph fh=((x-0.5)"2+(y-0.5)"2<0.2"2)
-((x-0.5)"2+(y-0.5)"2>0.2"2);

/* == Lagrange multiplier skkksxskkkskskkkskkkkskkxk/
/* == 1m0: Lagrange multiplier at time n x*x*x*/
/* == 1m : Lagrange multiplier at time n+1 *x*/

real 1m,1m0=0.;

/* == Uzawa parameters ik xskkkkskkkikkkxkkkkkxk/
real rhomax=2./(int2d(Th) (chih))"~2;

real rho=0.5*rhomax;

real tol=1.E-8;

int Nmax=100;

/* == Variational problem skkksskkkskskkkskkkkskkxk/
problem laplace(uh,vh,solver=LU)=
int2d (Th) (dx (uh) *dx (vh)+dy (uh) *dy (vh))
+int2d (Th) (uh*vh)
-int2d (Th) (fh*vh)
+int2d (Th) (1mO*chih*vh) ;

/* == Uzawa algorithm s kkkskkskskkskkkskkskkkkxkkkk /
real err=2x*tol;
int i=1;

while ((i<=Nmax)&&(err>tol)){

laplace;
1m=1mO+rho*int2d (Th) (chih*uh) ;

err=sqrt ((1m-1m0) "2) ;

1mO=1m;
i=i+1;

cout<<"i="<<i<k<" ; error="<<err<<endl;

}

plot(uh,wait=0,value=true);

cout<< "*x**x Constraint:'"<<endl;

cout<< " Bu="<< int2d(Th) (chih*uh)<<endl;
cout<< " lambda="<<1lm<<endl;

/K 3Kk ok ok sk ook ok ok ok ok ok K ok ok kK ok ok sk ok ok ok ok ok ok ok Kok ko ok kok ok /

8.8 Problem 8

Rigid sphere in a fluid: computing the velocity field with a
penalized formulation

[ kskokokokok ok ok ok ok ok ksk skok sk ok skokskok sk sk sk ok ok skok skskskskskok sk sk sk ok ok ok ok /
/* PROBLEM 8-1 */
/* FSI PROBLEM A PENALIZED FORMULATION */
[k ok ko ok KoK KoK oK ok oK ok ok ok K o K oK KoK Kok ok ok ok ok ok Rk kK /

mesh Th =square(100,100);

fespace Vh(Th,P1b);
fespace Xh(Th,P1);
Vh ul,u2,vl,v2;

Xh p,q;

/* == Coordinates / radius of the sphere **x*x/
real xB=0.5, yB=0.6, rB=0.1;

/* == Gravity and buoyancy kxkkkskkkkskokkkkkkskk/
real g=9.81, rhoB=1.0, rhoF=0.1;

/* == Source term, characteristic function **/
fespace Ph(Th,P0);

Ph chiB = ((x-xB)"2+(y-yB)"2 < rB~2);

Ph f1 0.00;

Ph £f2 - (rhoB-rhoF) *g*chiB;

real eps=1.0E-5, delta=1.0E-8;

/* == Penalized formulation xkkksikkkskkkkkkkkk/
problem FSI([ul,u2,p], [vl,v2,q])=
int2d (Th) (2*dx (ul) *dx (v1) +dy (ul) *dy (v1)
+dx (u2) *dx (v2) +2*dy (u2) *dy (v2)
+dy (ul) *dx (v2) +dx (u2) *dy (v1))
+int2d (Th) (delta*p*q-p*dx (v1) -p*dy (v2)
+g*xdx (ul) +q*dy (u2))
-int2d (Th) (f1*v1+f2xv2)
+int2d (Th) ((2*dx (ul) *dx (v1)+dy (ul) *dy (v1)
+dx (u2) *dx (v2) +2*dy (u2) *dy (v2)
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+dy (ul) *dx (v2) +dx (u2) *dy (v1) ) *chiB/eps)
+on(1,2,3,4,ul=0,u2=0);

FSI;

/* == Computing the translational velocity **/
real Mh=int2d(Th) (rhoB#*chiB) ;

real uB=int2d(Th) (rhoB*chiB*ul)/Mh;

real vB=int2d(Th) (rhoB*chiB*u2)/Mh;

/* == Computing the angular velocity *xk*x*x*x*/
real Jh,oB;
Jh=int2d (Th) (rhoB*chiB* ((x-xB) "2+ (y-yB) "2));

0B=int2d (Th) (rhoB*chiB* (- (y-yB)*ul+(x-xB)*u2))/Jh;

cout<<" (u,v)=("<<uB<< ", "<<yB<<")"<<endl;
cout<<"omega="<<oB<<endl;
plot(chiB,fill=true,wait=0);
plot([ul,u2],value=true,wait=0,coef=5);

Sedimentation of a rigid sphere in a fluid at rest

/oo ok ok ok ok ok ok ok ok ok ok sk sk skok sk sk skok sk sk sk sk sk ok ok sk ok ksk sk sk sk ok sk sk sk ok /
/* PROBLEM 8-2 */
/* SEDIMENTATION OF A RIGID SPHERE */
[ KKk o o o o o o ok o ok KoK KoK KoK oK ok ok ok oK o K K Kok Kok ok ok ok ok ok ok /

mesh Th =square(100,100) ;

fespace Xh(Th,P1b);
fespace Mh(Th,P1);
Xh ul,u2,vl,v2;

Mh p,q;

/* == Coordinates / radius of the sphere **x*x*/
real xB=0.5, yB=0.8, rB=0.1;

/* == Gravity and buoyancy *kxskkksiskkkskkkkkkkk/
real g=9.81, rhoB=1.0, rhoF=0.1;

/* == Source term, characteristic function **/
fespace Ph(Th,P0);

Ph chiB = ((x-xB)"2+(y-yB)"2 < rB~2);

Ph £1=0.00;

Ph £2=-(rhoB-rhoF)*g*chiB;

/* == Parameters ¥k ¥k kskskkokokkkkokkk*okokkk*kk /
real eps=1.0E-2, delta=1.0E-8;

/* == Variational formulation *skskkkskkkxkskk*xxk/
problem FSI([ul,u2,p], [vl,v2,q])=
int2d (Th) (2*dx (ul) *dx (v1)+dy (ul) *dy (v1)
+dx (u2) *dx (v2) +2%dy (u2) *dy (v2)
+dy (ul) *dx (v2) +dx (u2) *dy (v1))
+int2d (Th) (deltaxp*q-p*dx (v1) -p*dy (v2)
+g*dx (ul) +gq*dy (u2))
-int2d (Th) (f1*v1+f2xv2)
+int2d (Th) ((2*dx (ul) *dx (v1) +dy (ul) *dy (v1)

+dx (u2) *dx (v2) +2xdy (u2) *dy (v2)
+dy (ul) *dx (v2) +dx (u2) *dy (v1) ) *chiB/eps)
+on(1,2,3,4,u1=0,u2=0);

/* == Time evolution skkkkskskkskskskokskskkokskokkokkkkkk/
int imax=50;
real t=0.0;

real vpart1=0.0;

real vpart2=0.0;

real dt=1.0;

for (int i=0 ; i<=imax; i++){

FSI;

plot([ul,u2] ,ps="u"+i+".eps",coef=1);
plot(chiB,ps="chi"+i+".eps",fill=1);
t=t+dt;

vpartl=ul(xB,yB);

vpart2=u2(xB,yB) ;

xB=xB+vpartlx*dt;

yB=yB+vpart2*dt;

chiB= ((x-xB)"2+(y-yB) "2 < rB"2);
£2=-(rhoB-rhoF) *g*chiB;
plot(chiB,fill=1);

}

Rigid ellipsoid in a linear shear flow

[ o oK KoK KoK KoK ok ok ok oK oK o K KK KoK KoK oK oK ok ok ok ok ok /
/* PROBLEM 8-3 */
/* ROTATING ELLIPSOID IN A SHEAR FLOW */
[ kkokokokokok sk ok ok ok sk skokskskskokskok sk sk ok ok skok sk sksksk sk ok sk sk ko ok ok ok ok /

mesh Th =square(100,100);

fespace Vh(Th,P1b);
fespace Wh(Th,P1);
Vh ul,u2,vl,v2;

Wh p,q;

/* == Coordinates / radii of the ellipsoid **/
real xB=0.5,yB=0.5,thetaB=0,rB=0.1,dB=0.25;

/* == Gravity and buoyancy kxkkkskkkkskokkkkkkkk/
real g=9.81, rhoB=1., rhoF=1.;

real Mh,Jh,uB,vB,omegaB;
real cosB=cos(thetaB);
real sinB=sin(thetaB);

/* == Source term, characteristic function *x*/
fespace Ph(Th,P0);
Ph chiB;

chiB=(((x-xB) *cosB+(y-yB) *sinB) "2/rB"~2
+(-(x-xB) *sinB+(y-yB) *cosB) "2/dB~2<=1.0) ;

Ph £1=0.00;
Ph f2=-(rhoB-rhoF)*g*chiB;
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/* == Boundary condition (Couette flow) ***x*x*/
func gl=1.0%(1.-2%y);
func g2=0;

/* == Parameters ¥k kskskkskskkokokkkkokkkkokokkk*kk /
real eps=1.0E-2, delta=1.0E-8;

/* == Variational formulation *kxkkkskk¥kkk*xxk/
problem FSI([ul,u2,p], [vl,v2,q],solver=Crout)=
int2d(Th) (2*dx (ul) *dx (v1)+dy (ul) *dy (v1)
+dx (u2) *dx (v2) +2*dy (u2) *dy (v2)
+dy (ul) *dx (v2) +dx (u2) *dy (v1))
+int2d (Th) (deltaxp*q-p*dx (v1) -p*dy (v2)
+qxdx (ul) +g*dy (u2))
-int2d (Th) (f1*v1+f2xv2)
+int2d (Th) ((2*dx (ul) *dx (v1) +dy (ul) *dy (v1)
+dx (u2) *dx (v2) +2*dy (u2) *dy (v2)
+dy (ul) *dx (v2) +dx (u2) *dy (v1) ) *chiB/eps)
+on(1,2,3,4,ul=gl,u2=g2);

/* == Time evolution sskskkskkskskskskkkskskkkkkkkkkkk/
int imax=100;
real t = 0.0;
real dt= 0.1;
for (int i=0 ; i<=imax; i++){
FSI;
plot([ul,u2] ,ps="u"+i+".eps",wait=0,coef=1);
plot(chiB,ps="chi"+i+".eps",wait=0,fill=1);
t=t+dt;

/* == Translational velocity kkxkskkkxskkkxkk/
Mh=int2d (Th) (rhoB*chiB) ;
uB=int2d (Th) (rhoB*chiB*ul) /Mh;

vB=int2d (Th) (rhoB*chiB*u2) /Mh;

/* == Angular velocity kkxkskkskxskkkkskkkskkkskk/
Jh=int2d (Th) (rhoB*chiB* ((x-xB) "2+ (y-yB) "2)) ;
omegaB=int2d (Th) (rhoB*chiB*

(- (y-yB) *ul+(x-xB)*u2))/Jh;

/* == Update of the position *¥kkkkkkkkxi*/
xB=xB+uB*dt;

yB=yB+vBx*dt;

thetaB=thetaB+omegaB*dt;

cosB=cos (thetaB) ;

sinB=sin(thetaB) ;

chiB=(((x-xB)*cosB+(y-yB)*sinB) "2/rB~2
+(-(x-xB) *sinB+(y-yB) *cosB) "2/dB"2<=1.0) ;
f£2=-(rhoB-rhoF) *g*chiB;
cout<<"thetaB="<<<<thetaB<<endl;
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